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Abstract

In this paper, the spectrum of the Laplace operator on a strip with
constant width subject to four different boundary conditions is
investigated. In all the four situations, we prove that its spectrum starts
from the first eigenvalue of the one-dimensional Laplacian considered
along the width of the strip. Unlike the other cases, we demonstrate
that in the case of Robin boundary conditions, the negative part of the
spectrum is not necessarily empty and establish sufficient conditions

for this to happen.

1. Introduction

It is well known that the operator —A densely defined on the space
I*(R") is self-adjoint and its essential spectrum is equal to [0, ©), which is
absolutely continuous. However, in the case of a strip, the bottom of its

essential spectrum depends on the boundary conditions. Our main interest in

the present paper is to describe the location of the spectrum of the Laplacian
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on a straight strip subject to various boundary conditions. The precise

description of the problem studied here is as follows:

Let a>0 and S =Rx/I, where [ =(0,a), with Neumann (N),

Dirichlet (D), Dirichlet-Neumann (DN) or Robin (R) boundary conditions.
Consider the following spectral problem:

—Au=iu in S,
(1

Bu =0 on 0,
where B; is one of the boundary operators, and
Dom(-A) = {u e W£(S): Bu = 0},

where sz (S) denotes the standard Sobolev space H Z(S), that is, the space
of square integrable weak derivatives up to the second order (see, e.g., [1]
for details). The operators on the transverse section 7, —AIZ, are the usual
Laplacian on L?*(I) with Dirichlet boundary conditions if /=D, the
Neumann conditions if / = N, the Dirichlet at 0 and the Neumann one at a
if /= DN or the Robin conditions if / = R. Robin conditions can be

considered as a generalization or a linear combination of the Dirichlet and
Neumann boundary conditions (see (3)).

2. Dirichlet, Neumann and Dirichlet-Neumann Boundary Conditions

Let / € {D, N, DN}. Assume that (1) has a non-trivial solution of the

form
u(x, y)=X(x)Y(y), X=0Y=0.
Then one has

X'@)_Y0) e
X(x) ~ ¥(y) TH=CmS

for some suitable separation constant C. This sort of separation of variables
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gives rise to two independent one-dimensional spectral problems, that is,

the longitudinal and the transverse one. The spectrum of the longitudinal

Laplacian (—~A®) on Z2(R) is the positive-real semi-axis, i.e.,
R R
G(_A ) = Gess (_A ) = [07 OO)'

The cigenvalues of the transverse Laplacian (—~A}) on L?(I) are given by
2 2 2
D T 2 N T 2 DN I 2
X, = (—) nc, A, = (Zj (n=1)7, A" = (%j @2n-17, (2

where n =1, 2, .... The corresponding normalized eigenfunctions {f, };Ozl

are given as follows:

fr{(y) = \/%Sinylllny for [ € {D, DN},

\/I ifn=1,
a
\/gcos k],:]y if n2>2.

Since the eigenfunctions f,f form a complete orthonormal set in I? ([0, a])

an(y) =

by Fourier analysis, there are no other eigenvalues apart from those listed in
(2) (see, e.g., [2] for more details). The description of the spectral properties
of (1) for [ € {D, N, DN} can also be found in [3, 4, 7] and the references
therein.

Theorem 2.1 [2, Theorem 4.1.5]. The essential spectrum of a self-adjoint
operator H on a Hilbert space is empty if and only if there is a complete set
a0
n=

of eigenfunctions {f,} _ of H such that the corresponding eigenvalues L\,

converge in absolute values to © as n — .

Thus, by the above theorem and (2), 6,4 (-A}) = @.
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Theorem 2.2 [Weyl criterion]. Let A be a self-adjoint operator on a
Hilbert space H. A point h € R belongs to c,4(A) if and only if there

exists a sequence {f,}, _ C D(A) such that for all n e N, | f, | =1, f,

converges weakly to 0 and

| 4f, =M | > 0 as n — oo.
Moreover, {f,} can be chosen as an orthonormal.

Theorem 2.3 (See, e.g., [8, Section 10.1, Theorem 1]). Let {f,,}, _ be a
bounded sequence in a Hilbert space 'H. If {f,, g)H —>0asn—> oo forg
in a dense subspace of 'H, then f, — 0 weakly in 'H.

Theorem 2.4 (cf. [6, Theorem 4.1]). o(=A7 ) = 6, (—A7 ) = [, ).

Proof. Let £4[u] and EX[u] denote the quadratic forms of the Laplacian
on [/ and S, respectively, subject to the boundary conditions /. Since G(—A§ )

starts by Ay, for all u € Dom(-A}), we have

! ¢ 2 L2
il = [ uy Py >l

Now,

8{5'[14] = Sl u, |2dxdy + J‘S| u, |2dxdy

[\

[ 2
| Sl uy, | dxdy

_ “ 2
_.RdeO|uy| dyJ

/ 2

This implies that o(=A3 ) < [A), ©).
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On the other hand, pick ¢ € Cy'(R) with supp ¢ = [-1, 1] such that

1
X

I o ||L2(R) =1. Let 9,(x) =n Zq{z) so that | @, ||L2(R) =1.

Take VA > 2 and consider a sequence {u,, - Dom(-A}) given by

. _ lx
(x5, ) = 0, () VT AL ().
Then

ln 25y = 1.
Since ~(fi) (v) = ¥1£{(v) and
Ny, ) = (VA ()
v 20— R ) () - g (e ),
" Py

Bty (x, y) = daty (x. ¥) =~} (x, )€’
. , Ny
= 2iy% = 0, (0) eV T A ()
implying that
" / / ’ [
| (A7 = | < Lo I A+ 203 =% o 1] A
1, [
=—|o ||+2\/7u—7u]1;||(p | > 0asn— oo
n

Now, it remains to show that u, —> 0, n —> % weakly in L?(S). For any
N e N, let

w(x, y), if [w(x, )| < N

wiy(x, y) =
n (% ) {O, if [w(x, y)|> N
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with w e W3(S). Then wy e L'(S)N I*(S) and [w—=wy ||L2(S) =0 as

N — . Also,

const
| s W) 25y 1< Tt o )l wiv sy < W" wy [l1(s) = 0
as n —» 0.

Since | uy [, (5) =1 wu, converges weakly to 0 in [%(S) by Theorem 2.3.

Thus, Theorem 2.2 implies that A € 6, (~A7) and

[?\'Ila OO) c Gess(_A§) = G(_A§)~ U

3. Robin Boundary Conditions

In this section, we discuss in detail the spectrum of the Laplacian on a
straight strip with Robin boundary conditions. We shall see that the negative
part of its spectrum is not necessarily empty as opposed to the cases of
Neumann, Dirichlet and Dirichlet-Neumann boundary conditions. Theorem
2.4 and its proof remain true for the case of Robin boundary conditions but

the quadratic form of the Laplacian involves boundary terms.

Let Sy = [0, 1]x [0, a]. Consider the following eigenvalue problem:

—Au = hu in Sy,
ux(()’ y) = ux(la y) =0,
uy(x, 0) + au(x, 0) = 0,

uy(x, a) + Bu(x, a) = 0

3)

for a, B, A € R. A related type of problem has been studied in [5], that is,

—Au =2 uin S,
uy,(x, 0) = a(x)u(x, 0) = 0, 4)

uy(x, a) + ax)u(x, a) = 0,
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where o(x) is positive for all x € R. Under the hypothesis that a(x) tends
to a constant as | x| — oo, the essential spectrum of (4) was determined

and a sufficient condition for the existence of the discrete spectrum was
established. However, in this section, we only study the location of the
bottom of the spectrum when one chooses the boundary conditions in (3).
We establish sufficient conditions for the bottom of the spectrum to lie on

negative part of the real line. Assume that a solution of (3) has the form
u(x, y) = v(x)w(y).
Then (3) reduces to two one-dimensional problems, namely:
—V"(x)=A-1t)v(x), O0<x<]l,
V(0) =0, )
V(1) =0
and
-w'(y)=m(y), 0<y<a,
w(0) + anw(0) = 0, (6)
w(a)+ pw(a) = 0,
where T € R is a separation constant.

The solution of (5) is given by
v(x) =cosmnx, A =71+ wm?, m=0,1,2, ... @)
To solve (6), we consider the following cases:

(i) For t = 0, the solution of the ordinary differential equation in (6) is
of the form w(y) = Ay + B for some constants 4 and B. The first boundary

condition implies that
w(y)=-ay+1 (take B =1).

This implies that t = 0 is in the spectrum if and only if the following

condition holds true:

(1+Ba)a = B. (8)
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Hence, when t = 0, the solutions of (3) are given by

u(x, y) = cosmmx(1—ay), A= wm?, m=0,1,2, ... 9)

(i) T > 0 gives the following general solution:
w(y) = Acosv/ty + Bsinvty.

The boundary conditions in (6) yield

w(y) = cos vty —%sin«/?y (take 4 = 1) (10)
T

and

tan\/;a = M.

T+ af (i
Thus, we get a sequence T, = 6% , n =12, ... satisfying:
(@asa,B—>006, _)nTzr’
(b)as o, B — +0, 0, > =T,
2n+1)n
(c)as o —> 0, — £, 6, %%,
2n+1)mw
(daspP—>0,a—> txo, 6, —)%.
The related eigenfunctions are
w,(y) = {coseny—&sineny} . (12)
en n=1,2,...

Hence, the solutions of (3) become
o .
u(x, y) = cos mnx(cos 0,y -5 sin Onyj,
n

A=02+m2m?, m=0,1,2 ., n=12, ... (13)
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2
If o = 3, then one gets T = (%) ,n=0,1,2,.... Thus, (13) becomes

B nn aa . nn
u(x, y) = cos mmx cos—=y ———sin—=y |,

2
A= (7“) +wPm?, m=0,1,2,..., n=012 ... (14)

See [9] for more details.

Also, a special case of (11): t =—af, then cos Vta =0, ie, 1=

(WJZ, n=20,1,2,... So, this case occurs if and only if af} =
—(WJZ for some n. Hence, (13) becomes
u(x, v) = cos mnx(cos 2n+1)n e 2aa . 2n+1)n yj’
2a 2n+1)r 2a
A= (WJZ +m2m?, m=0,1,., n=0,1,.. (15)

(ii1) Let Ty < 1, be the smallest eigenvalues of (6). For some values of

o and B, t; or T, might be negative. Suppose that t = —o? (6>0)isa

negative eigenvalue. Then (10) and (11), respectively, become

w(y) = cosh(cy) — % sinh(oy), (16)
(B-oa)o

h =, 17

tanh(ca) 7+ of (17)

To investigate when this happens, note that (8) divides the (o, B)-plane

into three connected components and the number of negative eigenvalues in

each of them is the same since eigenvalues are continuous with respect to a
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and B. Consider the line P = —a, it transects all the three regions (see

Figure 1). By applying the shift y — y —b, b = %, (6) becomes

—-w'(y)=wly), -b<y<b,
w(=b) + ow(-b) = 0, (18)
w(b) — aw(b) = 0.

B

-2 o 2

Figure 1. (1+Ba)a =B, B = —a.

So, if w(y) is an eigenfunction, then the function Q(y) = w(—y) is also

an eigenfunction with the same eigenvalue. Thus, we can consider separately
the eigenfunctions that are even functions and those that are odd functions,
described, respectively, by

-W(y)=my), 0<y<b,
w(0) = 0, (19)
w(b)—om(b) =0

and
—w'(y)=w(y), 0<y<b,
w(0) = 0, (20)
w(b) — aw(b) = 0.
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Considering w(y) = cosh(cy) and w(y) = sinh(cy), the boundary
conditions in (19) and (20), respectively, yield

o = o tanh(cb) (21
and
a = o coth(cb). (22)

For o > 0, both the functions & tanh(cb) and o coth(cb) are monotone

increasing with minima equal to 0 and 1 , respectively, at ¢ = 0. Thus, (21)

has one solution if and only if o > 0, and (22) has one solution if and only
if ab > 1. Hence, if aa > 0, then there is one negative eigenvalue with even
eigenfunction and if aa > 2, then another negative eigenvalue comes from

odd eigenfunction.

In general, we have the following situations: If

(a) a+aBa—B<Oanda<%(B>—%), then 11 > 0,

(b)oc+ocBa—B=Oanda<%(ﬁ>—%), then 1y = 0 and 1, > 0,
(¢) a+afa—-P >0, then 1y <0 and 15 > 0,

(d)oc+ocBa—B=Oanda>%([3<—%), then 1 <0 and 1, =0,

() o +apa—-P<0and a >%(B < —%), then 11 < 0 and 1, < 0.
Cases (c)-(e) produce the following solutions of (3):

u(x, y) = cos mrcx(cosh 6,y — csi sinh cnyj ,

n
A=-c+mm?, m=0,12 .., (23)

where n =1 in Cases (c¢) and (d) while n =1, 2 in Case (e).
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Thus, by Theorem 2.4 and (iii) above, we have the following:

Proposition 3.1. Let o and B satisfy any of the conditions (c)-(e) above.
Then (—w, 0) N o(-A%) = @.

Remark 3.2. When o = B(= 0), it is shown in [9] that &; = —a. and
that A = 0 is not an eigenvalue.

When o =0, we have the Neumann conditions at 0 and the Robin
conditions at a. By (8), t=0 if and only if B=0. If >0, then
11, Tp > 0 by condition (a) above. If B <0, then 11 <0 and 75 >0 by

condition (c) above.

When B =0, we have the Robin condition at 0 and the Neumann
conditions at a. By (8), =0 if and only if o = 0. If o > 0, then 7; <0
and 1) > 0 by condition (c) above. If a <0, then 1y >0 and 1, > 0 by

condition (a) above.

Let oo — too. Then we have the Dirichlet conditions at 0 and the Robin
conditions at a. Again, (8) implies that T = 0 if and only if 1+ fa = 0.
Equations (16) and (17), respectively, become

w(y) = sinh(cy) 24)
and

tanh(ca) = —%. (25)
Now, (25) implies that

B = —c coth(ca) (26)

(cf. (22)). Hence, 1y >0 if 1 +PBa >0 and 11 <0, 19 >0 if 1 +PBa < 0.

Let B — to. Then we have Robin conditions at 0 and Dirichlet

conditions at a. By (8), T = 0 if and only if aua — 1 = 0, and (17) becomes
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a = o coth(ca) (27)

(cf. (22)). Thus, 11 < 0,7 >0 ifaa—1>0 and 11 >0 if e —1< 0.

Acknowledgement

The author thanks the anonymous referees for their valuable suggestions

which led to the improvement of the original manuscript.

[1]
(2]

References

R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975.

E. B. Davies, Spectral Theory and Differential Operators, Cambridge University
Press, Cambridge, 1995.

C. R. de Oliveira and A. A. Verri, On the spectrum and weakly effective operator
for Dirichlet Laplacian in thin deformed tubes, J. Math. Anal. Appl. 381 (2011),
454-468.

F. Friendlander and M. Solomyak, On the spectrum of the Laplacian in a narrow
strip, Israel J. Math. 170 (2009), 337-354.

M. lJilek, Straight quantum waveguide with Robin boundary conditions,
Symmetry, Integrability and Geometry: Methods and Applications, SIGMA
3 (2007), 108-120.

D. Krejcifik and J. Kiiz, On the spectrum of curved planar waveguides,
Publ. Res. Inst. Math. Sci. 41 (2005), 757-791.

D. Krejéitik and L. Zhugu, Location of the essential spectrum in curved quantum
layers, J. Math. Phys. 55 (2014), 083520.

P. D. Lax, Functional Analysis, John Wiley and Sons, Inc., New York, 2002.

A. F. Rossini, On the spectrum of a Robin Laplacian in a planar waveguide, 2016,
arXiv:1606.05291.


https://www.researchgate.net/publication/320443861

