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Abstract

The treatment of 1+ 3 covariant perturbation in a multifluid cosmology with the consideration
of f(G) gravity, G being the Gauss-Bonnet term, is done in the present paper. We define a set
of covariant and gauge-invariant variables to describe density, velocity and entropy perturba-
tions for both the total matter and component fluids. We then use different techniques such
as scalar decomposition, harmonic decomposition, quasi-static aproximation together with the
redshift transformation to get simplified perturbation equations for analysis. We then discuss
number of interesting applications like the case where the universe is filled with a mixture of
radiation and Gauss-Bonnet fluids as well as dust with Gauss-Bonnet fluids for both short-
and long-wavelength limits. Considering polynomial f(G) model, we get numerical solutions of
energy density perturbations and show that they decay with increase in redshift. This feature
shows that under f(G) gravity, specifically under the considered f(G) model, one expects that
the formation of the structure in the late Universe is enhanced.
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1 Introduction

The recent observations have revealed that the Universe is experiencing cosmic accelaration
[1, 3]. The aforementioned cosmic accelaration is sometimes explained by imposing dark en-
ergy, a fluid with a negative pressure. This component may be a vacuum energy giving rise to
the standard model of cosmology dubbed A CDM, or a scalar field [4].

On the other side, cosmologists suggested that General Relativity (GR) need to be modified on
large scale and at late time [5]. This suggestion helps to explain the source of cosmic accelera-
tion giving rise from the dynamics of modified theories of gravity rather than the dark energy
as substance [6, 7].

Additionally, studying cosmological perturbations help to analyse the dynamics of the Universe
on both GR and modified theories of gravity. One can use metric formalism, a gauge-dependent
formalism [8] to treat perturbations. This formalism brings in some complications when one
needs to extract physical information from the perturbation variables [9, 10, 11, 12, 13].
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On the other hand, many authors applied the 1+ 3 covariant and Gauge-Invariant formalism,
which leaves no physical modes in the evolution of perturbations [14]. Several authors have
adopted this framework in GR [12, 13, 15], in f(R) [15, 16, 17, 18, 19] , in scalar tensor theories
[20, 21, 22],in f(T) [23] and in f(G) [24], R is the Ricci scalar, G is the Gauss-Bonnet term
and T is the torsion scalar.

In the present work, we advocate to use the 1+ 3 covariant formalism to treating perturbations
in multifluid universe. The 1 + 3 covariant linear perturbations theory have been employed
to explain cosmic large scale structure formation. In the recent paper [25], we studied cosmo-
logical perturbations in f(G) gravity for a two fluid system at linear order using exponential,
logarithmic and trigonometric f(G) models. These models have been proposed by [31, 32]. In
the current paper, we extend our analysis to linear perturbations for a multifluid system in
f(G) theory of gravity.

We treat our discussion of a multifluid perturbation as an extension of the previous work with
a consideration of different f(G) model. This is necessary since the Universe is composed of
different fluids such as relativistic particles, radiation, dust, cold dark matter and many others.
The extension to a multifluid cosmology is found interesting also in different works in modified
theories of gravity such as in f(R) [13, 18, 26], and in scalar tensor theories of gravity [27].

The f(G) theories of gravity received green light to be able to explain the cosmic accelera-
tion motivated by the epoch for which one can experience the cosmic acceleration reproduced
without the implication of dark energy hypothesis [6, 24] and can also be adequate to study cos-
mology of early and late time universe [28]. For instance in the work done by[29], cosmological
inflation in f(R,G) gravity was studied. The consideration of f(R,G) produces the situation
where the cosmic dynamic is driven by double inflation scenario due to the consideration of
non-linear R and G terms. In the work done in [30], the cosmic history was explored under the
same consideration of f(R,G) gravity by taking into account the cosmography where it was
clearly shown that double inflation can naturarly be achieved to evantually produce large and
very large structure.

To study the 1 4 3 covariant perturbations in a multifluid universe within f(G) theories of
gravity and to know how these perturbations evolve worth attention. In the present work, we
develop and consider a polynomial f(G) model to analyse the energy density perturbations in a
multifluid system, where we consider non-interacting fluids. All the considered models in both
works are proven to be viable models that are compatible with cosmological observations and
they are representative examples of models that could account for the late-time acceleration of
the universe without the need for dark energy [33].

It is believed that the dynamical evolution of small energy density perturbations seeded in the
early universe led to large scale structure formation. The 1 + 3 covariant formalism is used for
studying cosmological perturbations, developed to analyse the evolution of linear perturbations
of Friedmann-Robertson-Walker (FRW) models in different theories of gravity. In [25], the
evolution of scalar perturbations of FRW was developed for a single barotropic fluid using the
1 + 3 covariant formalism in f(G) gravity focussing on two-fluid systems. The solutions of the
perturbation equations on large scale structure showed that the energy density perturbations
decay with increase in redshift, implying more structure formation rate today. However since
the Universe is made of a mixture of fluids, a complete treatment of perturbations requires
taking all the fluid into account.



The aim of this paper is therefore to present a general framework for studying multifluid
cosmological perturbations with a complete general equation of state in an f(G) theory of
gravity, using the 1+ 3 covariant formalism. In this context, we define the gradient variables of
Gauss-Bonnet fluid in addition to the gradient variables of the physical standard total matter
and component fluids to get a complete set of linear perturbation equations.

For analysis, we use harmonic decomposition method to get a set of ordinary differential equa-
tions which are time dependent. Using redshift transformation technique, quasistatic approxi-
mation, specifically when considering short wavelength limit, together with a polynomial f(G)
model, we get a simplified set of perturbation equations for numerical results.

The next part of this paper is organised as follows: in Section 2, we cover the general de-
scription of the 14 3 covariant approach. In Section 3, we present matter description where we
discuss the choice of frame and define the key variables used in the description of perturbations
in the total fluid and the individual fluid components. Equations for these variables are given
in Section 4. In Sections 5, 6 and 7, respectively, the scalar , second order equations and the
harmonically decomposed forms of the developed equations are considered. Applications to
a radiation-dust-Gauss-Bonnet cosmological medium and the analysis of the short- and long-
wavelength modes of the perturbation equations are given in Section 8, with Section 9 devoted
to discussion and conlusion.

The adopted spacetime signature is (—,+,+,+) and unless stated otherwise, we use pu, v .
.. =0,1,2, 3 and 817Gy = ¢ = 1, where Gy is the gravitational constant and c is the speed
of light and we consider Friedmann—Robertson—Walker (FRW) spacetime background in this
work. The symbols 57 represents the usual covariant derivative and 0 corresponds to partial
differentiation and an over-dot shows differentiation with respect to proper time.

For an arbitrary f(G) gravity the action can be written as

- /d4:c\/—_g(R+f(G)+£m). (1)

T ok?

Here v = 871Gy is a constant, f(G) is a differentiable function of the Gauss-Bonnet term G
and L, is the matter Lagrangian. The Gauss-Bonnet term is given by

G = R2 - 4RuyRHU + R,uya)\R'uVU)\7 (2)

where R, R, and R,,,,\ are the Ricci scalar, Ricci tensor and Riemann tensor respectively. The
information about the content is contained within the energy-momentum tensor 7),,. Different
authors working on Gauss-Bonnet gravity as alternative theory to GR [35, 36, 37, 38, 39, 40,
41, 42, 43, 44]. By varrying the action (eq. 1) with respect to the metric g,, and set k = 1, we
get the modified Einsten equations

1 1
R,U«V B iglU’R = T;’Z + §gl“’f - 2f’RR,UJ/ + 4f/Rl)fRV)\ - 2f/RNV0'TR£\O'T
—4f' R Ryy + 2R 7" 7, f' = 2Rg" * f' = AR 75 "' f'

AR AR f 4 49 RY U Vo f = AR e f (3)
where f = f(G) and f' = %. Ty is the energy momentum tensor of the fluid matter (Photons,

baryons, cold dark matter, and light neutrinos). writing equation eq. 3 in more compact form
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as

pvo

1
Ry = 59" R =T} + TS (4)
where
1
To = 59" f =2/ RR™ + Af' RYR™ = 2f R RYTT — Af RV Ry

2R " 7 f = 2Rg" 7P [ = ARV A = AR A
+4Ruu VQ f/ + 4g;wR)\a v)\ vUfl o 4Rp)\ua U vgf/ ) (5)

For the case f(G) = @G, equation eq. 5 vanishes (ng = 0), hence the Einstein gravity is
recovered

1 v m
Ruw— 50 R =T}, ()
For a spatially flat FRW universe,
ds* = —dt* + a*dX?, (7)

where X = z,y, z, the equation (0,0 component of eq. 3) corresponding to the Friedmann
equation is presented as follows:

3H? = % <G F'— f — 24GH? f”> ¥ o 8)
G = 24H*(H + H?) , (9)
R =6(H +2H?) , (10)

where H = % is the Hubble parameter. The Friedmann equations in the Einstein gravity is
presented as

pm = 3H? | (11)

it follows that the FRW like equations in f(G) gravity are given as

Ptotal = 3H2 ) (13)
DPtotal = _(3H2 + 2H) ) (14)
Ptotal = PG T+ Pm (15)
Dtotal = PG T Pm » (16)
where [49]
1 , : '
PG = 3 (f_f/G-l— S—Hf//+8H2GfN+8H2G2f”I> . (18)

For the case f(G) = G, pg = 0 = pg, so that eq. 15 and eq. 16 ressemble to eq. 11 and eq. 12
respectively. We assume that matter can be described by a barotropic perfect fluid such that



D = wp.
In the FRW universe, the energy conservation law can be expressed as standard equation as

p+3H(p+p) =0. (19)

The general solution is given as
p= pot—i’)m(l—i—w)' (20)

We assume an exact power law solution for the field equations to be
a(t) = apt™, (21)

where m is a positive constant. Using eq. 21 in eq. 9 and eq. 10, we have

24m3(m — 1
G=Hmin=l) (22)
: 96m3(m — 1
6o ) o
and 62 0
m(2m —
R= — (24)

Using eq. 21 through to eq. 24 in eq. 8, we get a differential equation for the function f(G) in
G space presented as

A2 L, € 1(m(i+u)) 3mG \?
m—1 "¢/ _f+p0(24m3(m—1)> _<8(m—1)> =0 (25)

The general solutions of eq. 25 is given as

i 1 6m(m —1)G 3
_ z(m=1) _ = Dree T )M sm(14w)
f(G) =CG + C.G 5 ( (m 1) + AG ) , (26)

~ 8po(m — 1) [13824m° (m — 1)3) 7"+
4+ m [Bm(l+w)(w+ 2) — 18w — 19]”

(27)

where C and Cy are constants of integration. This solution (eq. 26) is in agreement with the
ones obtained in [55, 56| for a flat universe. Assuming C; = 1,C5 = 0, the solution eq. 26 can
be represented as

2 (m+1)2

For the case m = 1, f(G) ~ G, G ~ 0 (eq. 22) and R ~ t7% (eq. 24) so that we recover
GR case with a power law solution as presened in eq. 21 and energy density p,, as presented
in eq. 20. Referring to eq. 21 we can set m = m for the GR limit. For m = 1, the
equation of state parameter is set to w = —%, to account for a negative pressure but not yet
an accelerating universe. In order to produce an accelerating universe, we set m > 1 and
44 m[3m(l +w)(w+3) — 18w — 19] # 0, with w = [-1,1]. In the late times, the f(G)
term should become dominant as compared with the matter lagrangian density. For more

about the period where Einstein or Gauss-Bonnet term dominates one another, see [2]. This

(&) =G — 1 ( 6m(m ~1)G + Agim(lw)) _ (28)
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f(G) cosmological model can also give the possibility to produce inflation driven by G thanks
to the use of linear R and non-linear G, since linear R produce GR while linear GG vanishes.
Power-law solutions were obtained in [59] while treating pure f(G) Noether cosmology. In [58] a
cosmological dynamical system analysis was done in power-law f(R, G) model and discussed the
possibility to fix the form of f(R,G)-lagrangian by existence of of symmetry using particulary
the Noether symmetry approach. We will use the defined f(G) model for the purpose of using
the 1+ 3 perturabtion equations in the analysis sections in order to see whether the formation
of structure is enhanced or not and to explain the current cosmic acceleration.

2 The 1+ 3 covariant perturbations in f(G) gravity

2.1 Introduction

The 143 covariant formalism leaves no physical modes in the evolution of the fluctuations when
it comes to extracting physical information from the perturbation variables. In this formalism,
spacetime is split into space and time, where 1 + 3 refers to the number of dimensions involved
in each slice to investigate the deviation from homogeneity and isotropy of the Universe. The
4-velocity field vector u® is defined as

dz®
¢ = 29
w="" (29

where 7 is the proper time such that u®u, = —1.

2.2 Kinematic quantities

The geometry of the fluid flow lines is determined by the kinematics of u® [45, 46| as

Vb Ug = Vpla — uauba (30)
with |
Vipla = gehab + Oap + Wab- (31)
Substituting eq. 30 into eq. 31, we get an important equation relating our key kinematic
quantities
. 1
Va Uag = —Upllg + gehab + Oap + Wap- (32)
Where u, is the acceleration of fluid flow, # is the expansion, h., = gap + uguyp is the projection
tensor, g4 is the metric, oy, is shear and w,y, is the vorticity.

Another key equations are defined as:
The conservation equations:

p—0(p+p) =0, (33)
VoD — (p+p)ta = 0. (34)

The propagation equation for the expansion - the Raychaudhuri equation for the FRW back-
ground, the equation of state and the Friedmann equation :

.~ 1 1

0= Futta = —50° — 5 (+30) (3)

p=p(p,s), (36)
9K

92+?—3p:0, (37)
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form a closed system of equations and completely characterize the kinematics of the background
cosmological model [26, 33, 47, 48]. K stands for the curvature of the universe (for flat universe,
K =0) and a stand for the cosmological scale factor.

3 Matter description

3.1 Effective total energy-momentum tensor

The total energy momentum tensor in a general frame is sourced by
Tab = PUsUyp + phab + 2(]tzub + Tap = T ab + TaGba (38)

where p, p, q, and 7y, represent the energy density, isotropic pressure, energy flux and the
anisotropic pressure respectively. Note that the superscript G is neither a power nor a running
index, it shows the contribution from Gauss-Bonnet term. With

total

p = Tjgt“lu“ub = pm + pac, (39)
1

P = ST hay = P+ P (40)

qutal Tbotalhbu — q;ﬂ + qg , (41)

total Ttotalhc hzl — 7.(.;711) + 71-(% , (42)

where py,, pm, ¢' and 77 represent the effective thermodynamic quantities of matter and pg,
pa, ¢¢ and & represent the thermodynamic quantities of the Gauss-Bonnet fluid contribution.
For multi component fluid, we have

ab = Z Tcib ) (43)
where

Ty, = piugu, +plhab + quup 4 quul + Ty (44)
hab = Gab + U’aub ) (45)

u! being the normalized 4-velocity vectorfor the i*" component. Decomposing the matter stress
energy momentum tensor with respect to the 4 velocity u® gives the following thermodynamic
quantities

pm = Tyu'u® = Zm , (46)

]' m
Pm = gTab ab — ;pl 3 (47)
N
g = —Tphbu =Y " (pi+pi) Vy | (48)
=1
7 =Tmhehi = 0. (49)

There are two different frame:The particle frame also known as Eckart choice where u® = u§,
an observer uy sees no particle drift and the Energy frame u® = u%, also known as the Landau
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choice, an observer measures no energy flux ¢, = ¢ = 0 along the flow line. Choosing a
relevant frame is important in the covariant formulation of perturbation theories [12, 18, 26].
In this paper we choose the fluid flow vector u* to coincide with the energy frame uf, so that
the exact FRW models will be characterized by a vanishing shear and vorticity of u* and all
spatial gradient variables orthogonal to u® of any scalar quantity.

By Choosing the energy frame, we can set ¢¢ = ¢%, = 0 and for a perfect fluid, a unique
hydrodynamic 4-velocity u® can be defined for the fluid flow so that there is no energy flux and
no anisotropic pressure, hence the energy momentum tensor is presented as

Top = pugup + phap, (50)
where p and p are related by the equation of state
p=p(p;s), (51)
s represent the entropy, and for the component fluid, we have
Ty, = pitgtty + iy, (52)
The velocity of the i fluid component relative to the fundamental observer is defined as

V& =ud —u” (53)

1

In the background FRW universe, V.* = 0 and all perfect fluid components have the same 4-
velocity. Using Stewart-Walker lemma [50], all spatial gradients orthogonal to u® of any scalar

quantity vanish so that .
Tap = Wap = 0, vaX = 07 (54)

it follows 3 3 .
Xo=vp=0,Y,=vp,Z,=v0=0 (55)

in the background, then p = p(t), p = p(t) and 6 = 6(t).

3.2 Standard inhomogeneity variables for the total matter

The inhomogeneities of matter are characterized by

a_Op 7,5 . (56)

a . .
D;n = vpznpm s Za = aVag 7Y;zm = VdPm ;€0 = p_m(as)
Where a = a(t) is the usual FRW cosmological scale factor. D" and Z, define the comoving
fractional density gradient and comoving gradient of the expansion respectively and can in
principle be measured observationally. The subscript a presented in D" and Z, is not a scale
factor nor a running index but an index. We define the effective barotropic equation of state
and speed of sound of the total matter fluid, respectively as

2_81)

_p
w==-,c
p



3.3 Matter inhomogeneity variables for the components

The variables characterizing inhomogeneities of matter for the i** - component fluid are defined
as

OVl i g a 0P -
Dt = Yi— i (A et . 58
= Y = uthy 2l = (G (58
We define the relation
i 1 hih' 2 2 ij
PEa = EZ :pi‘ga + 5 Ej: hJ (Csi - Csj) Sa]7 (59)

that contain the dimensionless variable ¢, that quantifies entropy perturbations in the total

fluid, h; = p,, + pm for the total matter and h; = p; + p; for the component fluid, ¢?, and cgj

denote the speed of sound of the component matter fluid given as ¢?, = g—z?.

3.4 Gauss-Bonnet fluid variables
The Gauss-Bonnet fluid variables are defined as
Go = aV,G ,G, = aV,G . (60)

The above gradient variables characterize perturabtions due to Gauss-Bonnet parameter G and
its momentum G and they descibe the inhomogeneities in the Gauss-Bonnet fluid.

4 Linear evolution equations in the Energy frame

We derive linear evolution equations for the defined gradient variables in the energy frame of
matter fluid.

4.1 Total fluid equations

Total fluid equations characterize the temporal fluctuations of inhomogeneities in perfect cos-
mological fluid with an equation of state parameter evolving as w = (1 + w)(w — ¢?)f, and are



given as

D™ = —(1 +w)Zy + 02 D™ + whe,
3

y 1 2 3 1 2 // 3 " " 22‘2/// Cg
Zog=—=0?+2(w—1)pm—=f + —Gf— er «9Gf—— Gf' — 20*G2 ") (——D
20 3 14+w

3 2( 2

—%&mw+§+1;%’ —f+ Gf—9m7% LI GG,
" (—592 — 5 (4 30) p— 5+ 5Gf = SOG4 G~ GG - %92(61)2]“”) (
—%vaaa +{ 03f” + f” + 40§Gf”’ + ge3f” — 582Gf”/ — ";;G}Ga
—S6CRf" ger"}Za |
Go =Gy + ; EwG'D;” —w(e,
ca:{“lg&”;;,-ufwanz+{—§—§g—aﬂfﬁa+4wfx§;+3f>
e
14+w *

4.2 Component equations

For the component matter and velocity fluctuations, the equations describing the evolution of
the individual fluid component fluctuations are given as

g . 1+ w;
Dl =—(1+4w;)Zs+ (w; — &) 0D, + <_ 11“’ Cg@) D, + <—(1 —|—wi)L0) Ea
w

1+w
—uwiel, — (1+w)av,v Vy | (66)
. 0 . 1 1 ) .
Vi— (8¢ —1) JVi = ——— (I Do + wen) — ———— (4D, + wiey,) . 67
a ( Csz ) 3 a a(l +w) (Cs +w€ ) a(l +wl) (Csz a +w€a> ( )

The equations involving the gradients of the inhomogeneities in the expansion and Gauss-
Bonnet variables (Z,, G,, G,) remain the same as in the total fluid components since they do
not represent the individual components of matter in the fluids.
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4.3 Relative equations

We define the variables that relate features of different components of the fluid and derive their
evolution equations

V=V =V (68)
. pDi p;Di
S (69)
? J

with h = p+p and h; = p; + p;.
These quantities help us to distinguish adiabatic and isothermal perturbations. Their evolution
equations are given as

~b

89 =~ VY (70)
Vi = (¢ — ) 0Vi + (33, — 1) Vi 4 G ) p,
a st 8] a sj 3 a a(l + wz) a(l -+ wl) a
2
w; i _ Ssiqij wj j
S . I ¥ T — " 71
a(l—l—wi)ga i +a(1+wj)€a (71)

The quantities we descibe so far are general evolution equations containing both the scalar
and vector parts. In the next section, We present the spherically symetric, scalar density
perturbations since it is belived that structure formation on cosmological scales follow spherical
clustering.

5 Scalar equations

We extract the scalar part of the perturbation vectorial gradients by taking the divergence of
the gradiant quantities

5.1 Scalar gradient variables

On the basis of the above decomposition scheme, we have

A" =a' D, Z = a5 Za, G = aV' Ga, G = aV G € = ay' ca,
Al = a5y Dl Vi = ay VI, Sy = av SPandV; = ay V). (72)
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5.2 Linear evolution equations for Scalar variables

The scalar gradient variables describing the total fluid evolve as

Am = —(1+w)Z + OA™ + whe

2

7 _12_1 _1 1 1_22" " 23'/1_3 '/1_22'2/// Cs
Z_< 50 2(1+3w)pm oI+ 3G = SO°G" + SO°GT" = GG — S0°G f T
w m ) 3G, 3GG"  3f'G 2 5o
—(1 = 3w)pnA _1+ VLA {f10F — G+ 29) 59 g 3G/
2 2 /// fm 92 I —3w 202G2 " 1 " 2 3/ g
‘gng f,,(1602+—+ 5 - f+ Gf——f)+§f +50°GS 14
(=202 = L (14 30) p lf + —Gf’ 2G4 2GS — GG - 20 (G
3 2 " 3 9 20 3
w 1—3w G 202G 9GG. 1 2
- 93 //G iy 2/ " i W __9
SV et gl +{493 g Pt T g ) Tl 3
: 3GGf” 4 . .
_02 " __0 2 l//__e " Z
HOGf g = G = S0G 2
2
. Cy Y Aam .
Q’-G—i—H—wGA UJGZ-Z,
. 3(1-3w) pn Ao 0 9G _f"G 1,21 3,
e A e e Sl e B v Ry T RV TAE T E R TR
f 21G 62 3(1—3w) 3. 3 0 ossem 3., 3
T A T A S U VA St AR A a7 E A 7o
93. GEfi 27 3(1—-3w)p, 3, 3 G
e = 0 TEm o T o) - = 7
AT {62]-’”( 36° 2w ol g ) 3 494GG}
—|—é ad 15
(1+w)

The scalar variables describing components inhomogeneities and interactions in the fluids are
given as

. , 14+ w; w '
i ) o 2‘ i 1 2 ) o Nt
Al =—(14w)Z + (w; — &) AL, < o ) A, — (14 wy;) | wQé w;fe
—a(1+w) Vi, (77)
. 1 1 1 . ,
Vie (=2 )oVit —— (A, (ALt wye 78
(CSZ 3) " a(l +w) (65 m = we) a(l +w;) (Chm + i) (78)
Vo= (- 2)ovi+ (& - L) ov, - G S \a W
1=\ T Gy PV G T g Y al+w;) al4+w)/) ™ a(l+ wi)8
> S ! 79
a J + (1 +wj)€.7 ’ ( )
CR— (50)
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6 Second order equations

All the derived first order equations can be reduced to a set of linearly independent second
order equations for simplicity and making comparison to general relativity easier. By making
second derivaive of the linear evolution equations, we have

13



A™ = —(~ 9%%—% w +C§w_l)pm+(%—gw>pm—f+0f’

—20°Gf" + 5936 = 202G + f”(29;G —~ 95—5)) (2A™)

-G i, Cp p @G _00)L

+§e2G '+ Sig’;f C %ecﬂ - %9@ FIIA™ 1+ 22 Am

—(L+w){f" < +0f -G+ :;c@;) - ?’G;fm - SJ;;G — g&QGQf“’

e (fg e T f) 0G0

—{@ s (% _ gw)pm LGSt (%636 - %GG _ 29%’?)

—20°G* "} (we) + whé +w 7P e — (1 +w)§93f”G : (81
G= {_3(i§iéw) * 4(1?3)93 i 921f”<3(1 y 2y, - %1 j—zw = 3 = 1 pr’"

2 2
+31jj‘wf TeaarA
+{6’21f" (_8(1 i7w)03 a 28 1 iﬁpm T +3w)0f Q +3w)9Gf/)
2 m

% 7+ 4<1j—';)gélc;(;}Am + —g —~ %e—Gs - f”}G

+{921f" (_%1 :L:w a 3(1_23w) 1 rw’)“ 1iwwf a 1iwwa/>

“Sirw* 4(12+7w>e GO+ Gy ™ wG)e —ut

+9£IJ:,, (—2—;9—62 - %2 - @pm + gf - ng’ + G292f”’) 1 (82
3, - O S gy - LB,

+f,,<10993c': B 9;;9(? PPN |

- (1117“3 {4%3 +eg ] _93w —f f”(892G - % - %eé) - 2i9f - 29 - §9G2f”’}A“

" o 1 ///_3GG_22" _3'
(A wlf 1 OF = G+ 5) + [T (= = 307G + 50°G)

2 50 " 9G 0> 1-3 202G
——92G2fw—|—f— ( 4+ U) f Gf o f”/> }g

3 1602 " 6 214
(1+wi>w 2 9 ) 1 9 / 2,52 pi
T+ w ( 9+492—|—0—|— 5~ o) Pm f+Gf —20°G*f
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The second order evolution equations governing the propagation of entropy perturbations for
a general € or S;; will be presented for radiation-dust systems.

7 Harmonic analysis

The harmonic decomposition technique is used in such a way that the evolution equations can
be converted into ordinary differential equations for each mode [19, 22, 25, 26, 27]. On an
almost FRW space-time, we consider the differential equation of the form

X+ AX + A X = A(Y,Y), (84)

with Ay, A, and A, represent damping, restoring and source terms respectively. The separation
of variable technique for solving Eq. 84 can be applied such that X (&) and Y (Z) depend on
spatial variable z only and X (¢) and Y (¢) depend on time variable ¢ so that

X(7,1) = X(2).X (1), (85)

and
Y (Z,t) =Y (Z).Y(¢). (86)

To make a summation over a wavenumber k, we use the eigenfunctions )5 so that

X => X"t)Qk(x) (87)
Y =) YHt)Qu(x) (88)

where @)y are the eigenfunctions of the covariant Laplace-Beltrami operator such that

- k2
v =--0. (89)

The Laplace-Beltrami operator is covariantly constant, it means Qk(x) =0and k = 2L)\“ is the

order of the harmonic, and & is wavelength. Applying the harmonic decomposition scheme, the
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first order total and component fluid equations can be represented as
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The harmonically decomposed set of second order equations for total fluid and component fluids

are given respectively as
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For a two component fluid, the entropy and velocity perturbation equations are given by

W k2 1 k2
Sk ==Vk— o= vk (102)

a2 Y 3 QZJ’

. : 1\ - 1 :
k k k k k
Vi = (¢ = %) OVF + (e — &) Vi + (Cij - g) Vi + (ng - g) Vi

ng‘ - Czj Ak 4 Czi - Czj N w; ko (155 gk
a(l+ w;) ‘ 3a(l + w;) Loa(l+ wi)gi 3a(l + w;) &
2 2
Csj ek | Csigak Wi g ' k
S T o/ I S, N E— 2 103
70T 3 a(l —I—wj)gj 3a(l + w;) € (103)

8 Perturbations in a radiation-dust universe

8.1 Basics of the radiation-dust mixture

We need to reduce the derived perturbation equations for a general multifluid system, for an
application of the equations for a cosmological medium. We consider a Universe filled with a
non interacting radiation and dust together with Gauss-Bonnet fluid, the three form of the fluid
we are considering. We also assume a flat homogeneous and isotropic Universe as a background
(FRW with K = 0). The evolution equation for radiation energy density p, and dust energy
density pg as

4
pr = _gepr (104)
and
pa = —0pa (105)
with r» and d represent radiation and dust respectively. The equation of state parameter for
dust is considered to be w; = 0 and that of radiation is w, = % . With this in mind, the

equation of state parameter of the total matter fluid is given as

woPn_ P (106)

Pm 3 (pd + pr)

The speed of sound in this total matter fluid is given as

2 pm 4pr
L — 107

Define another parameter conecting two speeds of sound ¢2; and ¢, as

1 Pd
2 _ hr 2 h 2 — 108
C, h ( Coq T dcsr) 3,0d +4pr ) ( )
Ay =—PL Ay P A (109)
Pd + pPr pd + Pr
. 0 9 . .
A, = P N P N Ay + 3wA, (110)
Pd+ﬂr Pd + Pr Pd + Pr
Pr 3
Sgr = Pdn, —A, =Ag—-A,, 111
d ol d= 7 (111)
Sy = Ay — ZAT . (112)
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All the above defined parameters Eq. 104 through to Eq. 112 help during the analysis of
dust and radiation doninated universe. We can confine our discussions to polynomial f(G)
model and look for solutions in the short wavelength and long wavelength approximations for
perturbations deep in the radiation and dust dominated epochs [2, 51]. In f(G) gravity, the
expressions for the expansion, the effective matter energy density are given respectively as
[13, 18]

2m
0= ——— 113
(1+w)t’ (113)
3\ 7" [4m? — 3m(1 +w) " 4m® — 2m(m — 1) (2m(3w + 5) — 3(1 + w))
Pm =\ 7 \114)
4 (14 w)?t? (14 w)?t?
Start with Eq. 59,
i L il o oy qig
for a perfect fluid, € = 0 and consider a mixture of dust-radiation, we have
hdhfr r
pe, = Mol (2,2 s, (116
USng h = p +p7 hz = pPi +p2 and Pa = 07 Pr = %pm we have
com o L) (2, ) s (117)
PEa = 3 3pd§4pr sd ST a
using ¢Z; = 0 and ¢2, = 3, we have
4papy d
Peq = —— 9, 118
3304+ 40, e
using p = %p,., we have
4pa d
€g=——"7—857". 119
a Spd _I_ 4p7» a ( )
Eq. 119 represents the entropy of the system. Its scalar equation becomes
4pa
€= ———""—54-. 120
de + 4pr I ( )
It’s harmonic decomposition gives
4pa
k k
g = ———""7--—5 . 121
3pd + 4,07" dr ( )
The evolution equation for the entropy is thus
160pqp; 4 .
é=— Pabr g Pd__ g (122)

3(30a+4p)2 " Bpa+dp

and its second order equation is presented as

86p, 4p,.0 462 pap, X 4 .
= B P = Parhr (1+4p—) PG,
3(3pa+4p.) " \3(3pa+4p)  3(3pa+4p,) pd 3pa + 4pr
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8.2 Total fluid equations

We use the defined relations Eq. 104 through to Eq. 112 and applying the general total fluid
second order equations to the radiation-dust mixture, to have

9 . (wQ—I—Zw—l) 1 :
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i={G Ei)e GG + 921]‘"(3(1;310)"”1 - %1 fw - _23w) 1 prm
2 2 2032 f
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where A,, and Sy, are given by A,, = ’”Apd% Sar = Ag — %Ar-
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8.3 Component equations

The energy density perturbations equation for the component fluids is presented as

. 1+ w;)c? 9 .1 9 :
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_ 2‘92é))6k _ (1 + wi){gegf,/}Gk

By considering the fluid to be perfect (¢; = 0) and setting the direction of the unit velocity
vector V; to be in the same directtion as that of total fluid, implies vanishing relative velocity
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V; = 0,and setting i as radiation and ¢, = %, we have
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Similary, the dust component is presented as
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8.4 Short wavelength solutions

In this section, we study the evolution of the short wavelength modes, it means large values
of the wave number k for a radiation and dust mixture. The general results will then be
considered for polynomial f(G) model and we will use quasi-static approximation for the matter
perturbations for both radiation and dust dominated epochs. In that approximation, widely
used in the literature [20, 26, 52], all the time derivative terms for the Gauss-Bonnet term and
its momentum are discarded, and only those including energy density perturbations A,, are
kept [27].

8.4.1 Perturbations in the radiation-dominated epoch

Let us now look at the case where the characteristic size of the fluid inhomogeneities is much
less than the Jeans length for the radiation fluid but is still larger than the mean free path of
the photon, i.e., A < Ay < Ay . We can neglect the interaction between the component fluids
and assume that the radiation energy density can be taken as homogeneous, meaning A, ~ 0.
Our equations become
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The matter energy density and entropy Sy are given by A,, = pdfpd and Sy = Ay For

A, < Ay and using ¢?; = 0 and from the homogeneity of radiation energy density as a
background, we have

1
CipmAﬁl +p5k = gprAf ~0, (137)
. k2
Ak =78 4 ;Vf , (138)
Gh = G". (139)
2 "
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k‘2

ke k
Sdr = ?‘/Zir (143)
At this stage, we can set the direction of the unit velocity vector u¢ of the dust to be in the
same direction as that of the total matter fluid. This implies that we have a vanishing relative

velocity V4. Thus we have
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arranging terms and simplifying to have
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so that the second-order equation in A becomes
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Since we are dealing with the epoch where radiation dominates over dust, we also assume that
the energy density of radiation is much larger than that of dust, that is p; < p, , so that the
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leading equation becomes
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We approximate once more that the product of the dust energy density perturbation A% and

k
dust energy density pg are small enough so that we neglect pdpﬁ over the other terms. Thus,
we have
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The evolution equation for the momentum of Gauss-Bonnet parameter is presented as
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Gk =G, (152)
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so that
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Using quasi-static approximation, we have
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For the case f(G) = G, we have, [18]
k 2 . i 1 i
Ag— §9Ad — 7Pila =0, (155)
and
G =0. (156)
These equations are similar to the ones obtained in [18, 27] for the GR limits perturbation
equations. The equations Eq. 154 and Eq. 155 are time dependent and need to be transformed
into redshift space in order to be able to get numerical solutions and to make comparison with
cosmological observation. We use
1
= 157
1+ 2 (157)
to get the redshift transformed equations and presented as
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1 3
Y _
= 1+ zAd 4(1+ z)QAd 0 (159)

where prime stands for derivative with respect to redshift and

2m 3(14w)
9 = 1—}——11}(1 + Z) 2m (160)

28



2m 3(14w)

H=—-(1 161
and 198
mo 4 6(1+w) 3(1+2)
= —(—)(1 m (1 — (1 mo). 162
(142 (1 - (149" (162)
Equation eq. 159 solved analytically and the solution is presented as
A(z) = C1 (14 2) + Co(1 + 2)*2, (163)

where a; = 1 + 4 and ap =1 — g The integration constants C; and Cs can be determined
by imposing the initial conditions at z = 0. At z = 0, we have

A(z = 0) = C, + Cy. (164)
A'(2) = Crag (14 2) 71 + Chan(1 + 2)* 71, (165)
A/(Z = O) = 01061 + 02062, (166)

Solving simultaneously, we have

- aaA(z=0)—A(z = O)’ (167)

Qg — O

and
- A(z=0)— Az = O)' (168)

Qg — O

For dust dominated Universe, w = 0 and for radiation dominated Universe, w = % Equation eq.
158 gives Bessel hypergeometrical solutions, we prefer to present them numerically. We consider
f(G) model: polynomial (eq. 28), to find numerical solutions for the perturabtion equations.
Numerical solutions of Eq. 158 and Eq. 159 are presented in Figure 1, the considered f(G)
model and for the case f(G) = G.

8.4.2 Perturbations in a dust-dominated epoch

The energy density of radiation is much smaller than energy density of dust in this dust domi-
nated epoch, that is, p, < p;. We also assume that the perturbations due to radiation energy
density are small enough compared to the perturbations generated from dust, that is A, < Ay
. We keep the same assumption as we did in radiation dominated epoch of assuming A, ~ 0 .
With the above assumption, the evolution equations governing this system are

. k2
Al =784 Evf (169)

- L2 2 — o, —
Using the assumption c5; = ¢; = 0 and w = wy = 0, we have
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(a) Numerical solutions of Eq. 158 using polynomial(b) Numerical solutions of Eq. 159 for
f(G) model (eq.28) the case f(G) =G

Figure 1: Plot of energy density perturbations A(z) versus redshift z of Eq. 158 and Eq. 159
for short wavelength modes in a radiation dominated Universe using different values of m.
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The second order evolution equation in energy density and Gauss-Bonnet parameter perturba-
tions are given by
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and
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By applying the quasi-static approximation, it meas G and G is set to be equal to zero, we
have
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For the case f(G) = G, we have [18, 25, 27]
Ak 4 (- pgd + G)A’“ paAk = 0. (179)
Using the same transformation scheme as in a the radiation dominated Universe (Eq. 158 and
Eq. 160 through to Eq. 162), Eq. 178 and Eq. 180 transformed as
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and

2 3
AN — — AN — —— Ay =0. 181
4TI T Ty (181)
This equation solved analytically and admit the solution
A(z) = C3(1 + 2)P + Cy(1 + 2)72, (182)

with £, = % + @ and [y = % — @ The integration constants C3 and C; can be determined

by imposing the initial conditions at z = 0. At z = 0, we have

A(z=0) = C) + Cs. (183)
A/(Z> = Cgﬁl(l + Z)Bl_l + 0462(1 + 2)52_1, (184)
A'(z = 0) = C3p1 + Ca s, (185)

Solving simultaneously, we have

_ oAz =0) — A'(z =0)

s B b ’ (186)
and Az = 0)— A = 0)
. z = — 01 z =
Ci= B i | (157)

Numerical solutions of Eq. 180 and Eq. 181 are presented in Figure 2 for polynomial model
and for the case f(G) = G.
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(a) Numerical solutions of Eq. 180 using(b) Numerical solutions of Eq. 181 for
polynomial f(G) model (eq. 28) the case f(G) =G

Figure 2: Plot of energy density perturbations A(z) versus redshift z of Eq. 180 and Eq. 181
for short wavelength modes in a dust dominated Universe using different values of m.

8.5 Long wavelength solutions

In this section we analyze the evolution of energy density and Gauss-Bonnet parameter per-

turbations in the long wavelength limit. In this limit the wavenumber £ is so small that
. 2 .
A= 2”7“ > A\ , it means, (12"”? < 1. All Laplacian terms can therefore be neglected. We focus

our interests on radiation-dominated epoch where the interaction between component fluids is
neglected.
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8.5.1 Perturbations in the radiation-dominated epoch

In this context of radiation dominated over dust component, we assume the homogeneity of
radiation energy density with flat universe K = 0. These assumption results in writing A, =~ 0.
Therefore our leading equations become

Ak = 7k — %m’;ﬂ, (188)
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for a radiation-dust mixture, the equation for the evolution of entropy perturbations is given
by '

Sk =0. (194)
We use w = ¢, = % and ¢,y = 0. Knowing that A¥ = p;%pAd + Sh Ad and for AF ~ 0, we
have
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AR, = BN, SG = A, Sk = Ak and eF = —3p3ﬁpr Sk so that the leading equations become
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Assume that the energy density of radiation is much larger than that of dust, that is p; < p»
, and that the product of the dust energy density perturbation A% and dust energy density pg
are small enough so that we neglect psAkp,., we have

Ak = 7%, (202)
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The second order equation is given as
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Using Ak = —Z% and G* = G*, we have
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For the case f(G) = G, we have[l8, 25]
Ak 4 geA’; = 0. (212)
Transforming Eq. 211 into redshift, we get
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Ay Sy =
142
Analytical solution is given as

3

+5f)

(214)

(218)

(219)

The integration constants Cs and Cg can be determined by imposing the initial conditions at

z=0. At 2 =0, we have
A(Z:O):C5+CG.

Al'(z) = 4C6(1 + 2)°,
A/(Z = O) = 406
Solving simultaneously, we have

C4A(z=0) — A'(z =0)

and

(220)
(221)
(222)

(223)

(224)

The numerical solutions of Eq. 213, Eq. 217 and Eq. 218 are presented in Figure 3 for

polynomial f(G) model and for the case f(G) = G.
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Figure 3: Plot of energy density perturbations A(z) versus redshift z of Eq. 213, Eq. 217 and
Eq. 218 for long wavelength modes in a radiation dominated Universe using different values of
m.

8.5.2 Perturbations in a dust-dominated epoch

The energy density of radiation is much smaller than energy density of dust in this dust domi-
nated epoch. that is, p, < pg.

We also assume that the perturbations due to radiation energy density are small enough
compared to the perturbations generated from dust, that is A, < Ay . Proceeding in a similar
fashion for the dust dominated, long wavelength regime, the second order evolution equations
are given as
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The transformed redshift of Eq. 225 and Eq. 226 are given as
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which admit the solution
A(z) = C7(1 4 2)7t + Cs(1 + 2)72, (230)
with o = % + @ and oy = % — @ The integration constants C7; and Cs can be determined

by imposing the initial conditions at z = 0. At z = 0, we have

Alz =0) = C; + Cs. (231)
A/(Z) = 070'1(1 + 2)01_1 + 080'2(1 + 2)02_1, (232)
A/<Z = 0) = 070'1 + 080'2, (233)

Solving simultaneously, we have

03A(z =0) — A'(z =0)

= 234
C’7 0y — 0y ) (3)
and A(z=0)— Az =0
= 2E=0-0A=0) (235)
09 — 01

The numerical solutions of Eq. 227, Eq. 228 and Eq. 229 are presented in the Figure 4 for
polynomial (Eq. 28) f(G) model and for the case f(G) = G.

It can be seen that Eq. 217 differs from Eq. 158, Eq. 180, Eq. 213, Eq. 227 and Eq. 228
since the Gauss-Bonnet fluid perturbations decouple with the matter energy density.
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Figure 4: Plot of energy density perturbations A(z) versus redshift z of Eq. 227, Eq. 228 and
Eq. 229 for long wavelength modes in a dust dominated Universe using different values of m.

9 Discussion and Conclusion

9.1 Discussion

We have developed a theory of cosmological density perturbations in a multifluid cosmologi-
cal medium using 1 + 3 covariant formalism with the consideration of f(G) theory of gravity.
We defined vector gradient variables with respect to a FRW background which characterize
the time evolution of density and velocity perturbations. We derived a complete set of linear
evolution equations for both the total fluid and its components. Using different techniques
namely: scalar decomposition, harmonic decomposition and redshift transformation, we anal-
ysed the evolution of energy density perturbations in both short and long wavelength modes
for radiation-Gauss-Bonnet and dust-Gauss-Bonnet fluid systems. We then considered the case
where f(G) = G and polynomial f(G) model to get numerical results. The numerical results
in short-wavelength modes for both radiation-Gauss-Bonnet and dust-Gauss-Bonnet fluids are
presented in Figure. 1(a) and Figure .2 (a) respectively and Figure. 1(b) and Figure .2 (b) for
the case f(G) = G. The ones in long-wavelength modes are presented in Figure. 3(a) through
to Figure .4(a) for radiation-Gauss-Bonnet and dust-Gauss-Bonnet systems and Figure. 3(b)
through to Figure .4(b) for the case f(G) = G. From the plots, for the case f(G) = G, we
depicted the contribution of radiation and dust component of the Universe for the perturba-
tions of matter energy density where the energy density perturbations decay with redshift for
all Figures: Fig. 1(b), through to Fig. 4(b). For the considered polynomial model, we observed
that the energy density perturabtions decay with increase in redshift for all the Figures: Fig.
1(a), through to Fig. 4(a). We assumed the initial conditions as A(z;,) = 107% and A(z;,) =0
[53] for each mode k to deal with the growth of matter fluctuations. The evolution of mat-
ter perturbations is scale invariant at all scale in the presence of Gauss-Bonnet term and the
growth rate of matter energy density perturbations can be compatible with observations even in
the consideration of the contribution from the Gauss-Bonnet interaction. Some of the specific
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highlights of this work include:

9.2

The equations obtained in this paper can be applied in different situations of cosmological
interest because they are completely general in terms of fluid properties and interactions
and they give a covariant and gauge invariant description of properties of perturbed FRW
Universe in f(G) theory of gravity.

We investigated the evolution of the linearly perturbed equations. The equations Eq. 158
and Eq. 180 of short-wavelength modes and Eq. 213, Eq. 217, Eq. 227 and Eq. 228 of
long wavelength modes for the linear matter and Gauss-Bonnet fluid inhomogeneities and
Eq. 123 for entropy perturbations could be highlighted as one of the main results of this
paper since they enabled us to find several results for the evolution of the perturbations
in matter-Gauss-bonnet gravity.

We considered only scalar perturbations rather than vector and tensor perturabtions
studied in [57]. In both dust and radiation dominated epochs, we have seen that energy
density perturbations are k independent and the long and short wavelength modes do not
depend on the speed of sound, a result differs in the ones obtained in [57].

We have found that the velocity perturbations of the perfect fluid propagate with the
speed of sound ¢Z = £ in agreement with [57].

The entropy perturbations of the perfect fluid completely decouple from energy density
and velocity perturbations for a perfect barotropic equation of state, a feature in agree-
ment with the ones obtained in [57].

We have shown the ranges of m for which the energy density perturbations decay with
redshift for the polynomial f(G) model. We considered 1 < m < 1.80 for both short-and
long- wavelength modes. The consideration of different values of m was made basing on
the work done in [53, 54]. The current results show that even at the level of perturbations,
the Gauss-Bonnet fluid offers an alternative for the large scale structure formation. This is
because we can notice the decay of the energy density perturbations with redshift, which
implies that there is an increase in structure formation rate. This result is in agreement
with the astrophysical and cosmological observations and AC DM model [53, 54].

The derived f(G) model shows that the non-linear G can drive the inflation in the early
epoch and describe the late time cosmic acceleration, a result similar to the one obtained
in for the considered f(R,G) models, with both R and G being non-linear. This result is
in agreement with the recent results by Plank [61, 62] and BICEP2 [60] collaborations.

Conclusion

In this work, we have presented a detailed analysis of cosmological perturbations in f(G)
gravity where the Universe is described by multi-component fluids with a general equation of
state parameter. We explored the numerical solutions of cosmological perturbation equations
in a multifluid cosmological medium in modified Gauss-Bonnet theory of gravity using maple
software. We applied the 1+ 3 covariant formalism to define gradient variables and we obtained
the linear evolution equations of the matter energy density and Gauss-Bonnet perturbations
for both total matter and the component fluid relative to the energy frame. We applied scalar
and harmonic decomposition methods to analyse the scalar perturbations of energy densities

40



involved namely energy density contribution from matter and Gauss-Bonnet fluids. In order to
further analyse the perturbation equations, we applied redshift transformation method together
with quasi-static approximation to get a set of simplified equations and to be able to make
comparison with observations. We considered different systems such as radiation-Gauss-Bonnet
and dust-Gaus-Bonnet fluids in both short- and long-wavelength modes. We used polynomial
f(G) model and considered the case where f(G) = G to get numerical results of the perturbation
equations. In conclusion, since all the numerical results presented in Fig. 1(a) through to Fig.
4(a) and Fig. 1(b) through to Fig. 4(b) show the decay of energy density perturbations with
an increase in redshift, the formation of structures is enhanced in f(G) gravity specifically for
the model under consideration which is one of the characteristic of cosmic acceleration.
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