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Abstract

In the present work, we investigate cosmological perturbations of viscous modified chaplygin
gas model. Using 1 + 3 covariant formalism, we define covariant and gauge invariant gradi-
ent variables, which after the application of scalar decomposition and harmonic decomposition
techniques together with redshift transformation method, provide the energy overdensity per-
turbation equations in redshift space, responsible for large scale structure formation. In order to
analyse the effect of the viscous modified chaplygin gas model on matter overdensity contrast,
we numerically solve the perturbation equations in both long and short wavelength limits. The
numerical results show that the energy overdensity contrast decays with redshift. However, the
perturbations which include amplitude effects due to the viscous modified chaplygin model do
differ remarkably from those in the ΛCDM. In the absence of viscous modified chaplygin model,
the results reduce to those of ΛCDM.
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1 Introduction

It is currently a well know fact that the current expansion of the universe is in an acceleration
phase. This fact was confirmed by different observational suveys such as high redshift super-
nova Ia, cosmic microwave background and baryonic accoustic oscillations to name but a few
[1, 2, 3, 4, 5, 6, 7].
The standard model of comsmology dubbed ΛCDM addresses a number of problems in both
the early and late universe: including the flatness problem, age problem, the horizon problem
just to name a few. It is also consistent with different observations such as the origin of cosmic
microwave background radiations, the formation and distribution of large scale structure, the
synthesis of light elements in the universe and its expansion [8, 9, 10]. However, this model
shows limitation in dealing with the cosmological constant problem, the nature and source of
both dark matter and dark energy problems. As a result, this encouraged a search for alterna-
tive approaches to tackle these problems.
Among the theories seeking to address for example the dark matter and dark energy problems,
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chaplygin gas model and its different variants such as the Original Chaplygin Gas (OCG),
Generalised Chaplygin Gas (GCG), Modified Generalised Chaplygin Gas (MGCG), Extended
Chaplygin Gas (ECG) and Generalised Cosmic Chaplygin Gas (GCCG) have been considered
in the literature [11, 12, 13, 14, 15, 16].
Modified chaplygin gas has been shown to present reasonable property in describing the dark
sector of the universe as single component fluid that act as both dark matter in the early and
dark energy in the late universe. Different works have been considering a combination of Chap-
lygin gas with other theories of gravity to address different issues [17, 18, 19, 20].
On the other hand dissipative effects including both bulk and shear viscosity play an important
role in the evolution of the universe [49]. Shear viscosities are ignored in this work due to the
assumption that the universe is isotropic. Therefore only bulk viscosity is considered as viscous
fluid to play an important role, due to its ability to act as a negative pressure fluid responsible
for dark energy components dominating the late time universe. Furthermore, it is known that
the bulk viscosity may lead to an explanation of accelerated cosmic expansion, as discussed in
different bulk viscosity models [22, 23, 24, 25, 26]. In [22], the authors investigated the effect
of bulk viscosity on the evolution of the universe and demonstrated that the bulk viscosity can
lead to inflation-like solutions. In [23], Roy maartens made a review of dissipative cosmology
and demonstrated the supports of the application of the full casual theory of bulk viscosity.
The combination of chaplygin gas or its variants and viscosity has been considered in [27, 28,
29, 30, 31, 32]. For example the work done in [27] authors discussed viscous generalised chaply-
gin gas cosmology using dynamical analysis and showed that bulk viscosity coefficients should
satisfy inequalities from the point of view of dynamics. In [28], authours considered FRW bulk
viscous cosmology in the presence of modified chaplygin gas to obtain time-dependent energy
density for a flat space. In the work done in [29], the authors considered bulk viscous effects
and chaplygin gas in the FRW cosmology in flat space and discussed the stability of this theory
and presented the appropriate conditions. In [33], the authors studied bulk viscous cosmology
by considering modified Chaplygin gas model in the framework of (2+1) dimensinal spacetime
and discussed the stability of the model by using the speed of sound. In [34], the author inves-
tigated the viscous chaplygin gas cosmological model and presented the solutions for different
values of the viscous parameter.
The study of linear cosmological perturbations with bulk viscosity in modified chaplygin gas
cosmology using the 1 + 3 covariant formalism was not done in the literature, to the best of
our knowledge, therefore it is the main focus in this manuscript. Mainly, there are two dif-
ferent approaches to study cosmological perturbations, namely metric approach [35, 36] and
1 + 3 covariant approach [37, 38, 39]. The main advantage of the 1 + 3 covariant approach
is that the perturbations defined describe true physical degrees of freedom and no physical
gauge modes present. In the recent years, the consideration of the 1 + 3 covariant formalism
to study cosmological perturbations have been extensively considered in both GR and different
alternatives to ΛCDM model. For example the work done by [40] aimed to tackle the nature
of large scale structure formation through cosmological perturbations around Bianchi type-V
spacetime background using a 1+3 covariant formalism. In the work done in [39], they studied
perturbations in a chaplygin gas cosmology using the 1+3 covariant formalism and the results
suggest that the chaplygin gas model supports the formation of cosmic structure. In the work
presented in [41], the authors considered different chaplygin gas models, confront them with
supernova data and studied the perturbations of such models using the 1+ 3 covariant formal-
ism using the growth structure data fσ8. In our recent works [17, 42, 43, 50, 51], we used the
1 + 3 covariant formalism to study the perturbations in modified Gauss-Bonnet gravity and in
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the interacting vacuum [52].
In the present work, we define gradient variables for both matter and modified chaplygin gas-
viscous fluids to study linear cosmological perturbations and check the effect of combining both
modified chaplygin and bulk viscous fluid model on the growth of matter energy density con-
trast with redshift. For further analysis, we analyse the obtained perturbation equations in
both long and short wavelength limits. Finally for comparison purpose, we study the growth
of energy density fluctuations with redshift for both GR (ΛCDM) and our model.

The next part of this paper is organized as follows: in Section (2), the presentation of the math-
ematical framework is done. Section (3) covers the linear evolutions equations, and presents
the scalar perturbation equations whereas Section (4) presents the harmonically decomposed
perturbation equations in redshift space. In Sections (5) and (6), we present numerical results
of the perturbation equations by considering both GR limit and the system of matter-viscous
modified chaplygin gas fluids in both long and short wavelength limits in both dust and radi-
ation epochs respectively. Section (7) is devoted to discussions and conclusion. The adopted
spacetime signature is (− + ++) and unless stated otherwise, we have used the convention
8πG = c = 1, where G is the gravitational constant and c is the speed of light.

2 Background Field Equations

In this section, we present the mathematical aspects to describe the cosmic evolution. In this
regard, the action is given as [40, 55, 56]

S =
1

2

∫
d4x

√
−g

[
R + 2Lm

]
, (1)

where Lm is matter Lagrangian, Kappa (κ) is assumed to be 1 and R is the Ricci scalar. The
Einstein equation is presented as

Rµν −
1

2
gµνR = Tm

µν , (2)

where Tm
µν is the energy momentum tensor of the matter fluid (photons, baryons, cold dark

matter, and light neutrinos), given by Tµν = ρuµuν + phµν + qµuν + qνuµ + πµν where ρ, p, qµ
and πµν are the energy density, isotropic pressure, heat flux and anisotropic pressure of the fluid
respectively. The quantities πµν , q

µ, ρ and p are reffered to as dynamical quantities, whereas
the quantities σµν , ϖµν , θ and Aµ are reffered to as kinematical quantities. In addition to the
above equations, a general model of modified chaplygin gas is given by

p = Aρ− B

ρα
, (3)

where A, B and α are arbitrary positive constants. The MCG interpolates from matter-
dominated era to a cosmological constant-dominated era. On the other hand, in the study of
cosmology, shear viscosities are ignored since the CMB does not indicate significant anisotropies,
and only bulk viscosities are taken into account for the viscous fluid. The bulk viscous coefficient
is assumed to have a power law dependence on the energy density and it is given by [34]

ξ = ξ0ρ
v, (4)
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where ξ0 and v are constants. The Friedman equations which govern the evolution of the scale
factor are given by

3H2 = ρm + ρcv, (5)

3H2 − 2Ḣ = pm + pcv, (6)

where cv stands for a combination of modified chaplygin gas and viscosity. The consideration
of standard matter fluids (dust, radiation, etc), modified-Chaplygin gas fluid and viscosity
contributions leads us to define the total energy density, isotropic pressures, as

ρt = ρm + ρcv, pt = pm + pcv, (7)

where

ρcv =
[ B

A+ 1−
√
3ξ0

+
C

a3(α+1)(A+1−
√
3ξ0)

] 1
α+1

, (8)

pcv = Aρcv −
B

ραcv
− 3Hξ0ρ

1
2
cv, (9)

where we have used v = 1
2
as discussed in [34]. Eq. (8) and Eq. (9) are taken in the work

presented in [34]. The pressure and energy density of matter fluid are related as

pm = wρm. (10)

We assume a spatially flat Friedman-Robert-Walker(FRW) universe,

ds2 = −dt2 + a2
(
dx2 + dy2 + dz2

)
, (11)

so that the Ricci scalar is presented as

R = 6(Ḣ + 2H2) , (12)

where A, B, α and C are arbitrary constants, H = ȧ
a
= θ

3
is the Hubble parameter, θ is related

to the volume expansion and a is the scale factor. The continuity equations are presented as

ρ̇m = −θ
(
ρm + pm

)
= −θ

(
1 + wm

)
ρm (13)

ρ̇cv = −3H
[(

A+ 1
)
ρcv −

B

ραcv
− 3Hξ0ρ

1
2
cv

]
, (14)

where we have used the equation of state p = wρ, w is the equation of state parameter which
is 0 for dust matter and w = 1

3
for radiation. The Raychaudhuli equation is presented as

θ̇ = −1

3
θ2 − 1

2

(
ρt + 3pt

)
+ ▽̃a

u̇a. (15)

3 The 1+3 covariant perturbation equations

The 1+3 covariant decomposition is a framework used in describing the linear evolution of the
cosmological perturbations [39, 50]. In this approach, a fundamental observer divides space-
time into hyper-surfaces and a perpendicular 4-velocity field vector where 1 + 3 indicates the
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number of dimensions involved in each slice [57]. That is to mean that manifold geometry
of the GR is discribed in four dimensional space (ie,. time and space). It is currently a well
known fact that the universe is not perfectly smooth, but made of large scale structures such as
galaxies, clusters, voids to name but a few, believed to be seeded from primordial fluctuations.
Cosmological perturbations theory provides the mechanism to explain how these primordial
fluctuations grow and form the large scale structures we see today in the universe [40]. The
covariant formalism describes spacetime through covariantly defined variables with respect to
the frame such as 1 + 3 spacetime decomposition technique which helps in describing physics
and geometry using tensor quantities and relations valid in all coordinate systems. One of the
importance of the 1 + 3 covariant approach is to identity a set of covariant variables which
describe the inhomogeneity and anisotropy of the universe [58]. In this context, we define a
four-vector coordinateas function of cosmological time (xµ = xµ(τ)) that labels the comoving
distance along a world-line and the corresponding velocitiy given as :

uµ =
dxµ

dτ
(16)

The projection tensor, hαβ into the three dimensional and orthogonal to uµ, satisfy the following
conditions:

hαβ = gαβ + uαuβ ⇒ hα
βh

β
γ = hα

γ , (17)

hα
α = 3, hαβu

β = 0. (18)

The covariant derivative of the four-velocity in terms of its kinematic quantities [59] is given
by:

▽̃aub =
1

3
habθ̃ + σ̃ab + ω̃ab − ua

˙̃ub (19)

Where θ, σ̃ab, ω̃ab, ˙̃ub, are: the volume expansion, shear tensor, vorticity tensor and four-
acceleration respectively. The Hubble parameter is related to θ as θ = 3H. Assume the fluids
in our consideration are irrotational (ie.,ω̃ab = 0) and shear-free (i.e σ̃ab = 0), the rate of
expansion is given by the Raychaudhuli and conservation equations as:

ρ̇t = −θ(ρt + pt), (20)

▽̃apt − (ρt + pt)u̇a = 0. (21)

Eq. (20)–(21) are useful for constructing perturbation equations from the gradient variables of
different fluids, playing key role in large structure formation. In the following part, we assume
non-interacting matter fluid with both modified chaplygin gas and viscous fluids in the entire
Universe where the growth of the energy overdensity fluctuations contribute to the large scale
structure formation. We start by defining the covariant and Gauge-Invariant gradiant variables
that describe the matter, modified chaplygin gas-viscous energy densities and expansion as
per the 1 + 3 covariant perturbation formalism [38, 39, 40, 52]. We consider an homogenous
and expanding (FRW) cosmological background to define the spatial gradient of the Gauge
invariant variables such as

Dm
a =

a∇̃aρm
ρm

, (22)

Za = a∇̃aθ, (23)

Dcv
a =

a∇̃aρcv
ρcv

, (24)
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The subscipts m and cv stand for matter, modified chaplygin gas-viscous fluids contributions
respectively. where Dm

a is the spatial gradient variable responsible for the evolution of matter
overdensity, Za is the gradient variable for the volume expansion and Dcv

a is the gradient
variable responsible for the evolution of the modified chaplygin gas-bulk viscosity energy density,
respectively. Using eq. (7), eq. (8), eq. (9) and eq. (10), the 4- velocity in eq. (21) is given by

u̇a = − ▽̃a
pt

ρt + pt
= − 1

ρt + pt

[
w▽̃a

ρm +
(
A+

αB

ρα−1
cv

+
3ξ0H

2ρ
1
2
cv

)
▽̃a

ρcv − ξ0ρ
1
2
cv▽̃

a
θ
]
. (25)

The linear covariant identity for any scalar quantity f is given by(
▽̃a

f
)̇
= ▽̃a

(
ḟ
)
− θ

3
▽̃a

f + ḟ u̇a. (26)

The eq. (25) and eq. (26) are useful when constructing perturbation equations in the following
ways: The time derivative of eq. (22) and by using eq. (10), eq. (13), eq. (25) and eq. (26)
then by inserting eq. (22)–(24) yield

Ḋm
a =

[θ(1 + wm

)
wmρm

ρt + pt

]
Dm

a −
[
(1 + wm)

(
1 +

θξ0ρ
1
2
cv

ρt + pt

)]
Za

+
[(A+ αBρ1−α

cv + 3
2
ξ0Hρ

−1
2

cv

)
ρcv

ρt + pt

]
Dcv

a . (27)

The eq. (27) is the perturbation equation for the matter overdensity. Ḋm
a couples with Za and

Dcv
a . The time derivative of eq. (23) and by using eq. (8), eq. (9), eq. (10), eq. (14), eq. (15),

eq. (25) and eq. (26) then inserting eq. (22)– (24) yield

Ża =
[
− 2θ

3
+

3

2
ξ0ρ

1
2
cv −

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ρα

+
9

2
Hξ0ρ

1
2

] ξ0ρ
1
2
cv

ρt + pt

]
Za +

[
− 1

2

(
1 + 3wm

)
ρm +

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv

+
3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

] wmρm
ρt + pt

]
Dm

a +
[
− 1

2

(
1 + 3A

)
ρcv +

3αB

2ραcv
+

9

2
ξ0Hρ

1
2
cv +

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

]Aρcv + αBρ2−α
cv + 3

2
ξ0Hρ

1
2
cv

ρt + pt

]
Dcv

a

− wmρm
ρt + pt

▽2 Dm
a +

ξ0ρ
1
2
cv

ρt + pt
▽2 Za −

Aρcv + αBρ2−α
cv + 3

2
ξ0Hρ

1
2
cv

ρt + pt
▽2 Dcv

a , (28)

eq. (28) is the perturbation equation, resulting from the volume expansion. Ża couples with
the Dm

a and Dcv
a . The time derivatve of eq. (24) by using eq. (10), eq. (14), eq. (25) and eq.
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(26) then eq. (22)– (24) yield

Ḋcv
a =

[
− 3BH

ραcv

(
αρcv +

1

ρcv

)
+ 3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

)(Aρcv + αBρ−α
cv + 3

2
ξ0Hρ

1
2
cv

)
ρt + pt

]
Dcv

a +
[
3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

) wmρm
ρt + pt

]
Dm

a +
[
−

(
A+ 1

)
+Bρ−(α+1)

cv + 2ξ0θρ
− 1

2
cv − 3H

((
A+ 1

)
ρcv

−Bρ−α
cv − 3Hξ0ρ

1
2
cv

) ξ0ρ
1
2
cv

ρt + pt

]
Za. (29)

The eq. (29) is the perturbation equation of the Chaplygin gas-viscous fluids. Ḋcv
a couples with

Za and Dm
a . We notice that the system of evolution equations (eq. (27)–(29)) form a closed

system of first-order partial differential equations responsible for the evolution of perturbations.
Our main interest lies in the large structure formation and it is generally believed that the
large scale structure formation follows a spherical clustering [40, 52, 60]. Therefore only scalar
part of perturbation equations plays a key role. The spherically symmetric components of the
vector gradient variables can be extracted from the defined vector gradient variables using local
decomposition and scalar decomposition techniques and presented as

∆m = ∇̃a
(a∇̃aρm

ρm

)
, (30)

Z = ∇̃a
(
a∇̃aθ

)
, (31)

∆cv = ∇̃a
(a∇̃aρcv

ρcv

)
. (32)
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The scalar parts (eq. (30)–(32)) evolve as

∆̇m =
[θ(1 + wm

)
wmρm

ρt + pt

]
∆m −

[
(1 + wm)

(
1 +

θξ0ρ
1
2
cv

ρt + pt

)]
Z

+
[(A+ αBρ1−α

cv + 3
2
ξ0Hρ

−1
2

cv

)
ρcv

ρt + pt

]
∆cv, (33)

Ż =
[
− 2θ

3
+

3

2
ξ0ρ

1
2
cv −

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ρα

+
9

2
Hξ0ρ

1
2

] ξ0ρ
1
2
cv

ρt + pt

]
Z +

[
− 1

2

(
1 + 3wm

)
ρm +

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv

+
3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

] wmρm
ρt + pt

]
∆m +

[
− 1

2

(
1 + 3A

)
ρcv +

3αB

2ραcv

+
9

2
ξ0Hρ

1
2
cv +

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv

+
3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

]Aρcv + αBρ2−α
cv + 3

2
ξ0Hρ

1
2
cv

ρt + pt

]
∆cv −

wmρm
ρt + pt

▽2 ∆m +
ξ0ρ

1
2
cv

ρt + pt
▽2 Z

−
Aρcv + αBρ2−α

cv + 3
2
ξ0Hρ

1
2
cv

ρt + pt
▽2 ∆cv (34)

∆̇cv =
[
− 3BH

ραcv

(
αρcv +

1

ρcv

)
+ 3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

)(Aρcv + αBρ−α
cv + 3

2
ξ0Hρ

1
2
cv

)
ρt + pt

]
∆cv +

[
3H

((
A+ 1

)
ρcv −Bρ−α

cv − 3Hξ0ρ
1
2
cv

) wmρm
ρt + pt

]
∆m

+
[
−

(
A+ 1

)
+Bρ−(α+1)

cv + 2ξ0θρ
− 1

2
cv − 3H

((
A+ 1

)
ρcv −Bρ−α

cv − 3Hξ0ρ
1
2
cv

) ξ0ρ
1
2
cv

ρt + pt

]
Z (35)

The equations eq. (33)–(35) are the evolution of perturbations responsible for large scale
structure formation. Rewritting eq. (33)–(35) as a system of ordinary differential equations,
we need to use the harmonic decomposition technique.

4 Harmonic decomposition

This technique is commonly used to convert partial differential equations into ordinary differ-
ential equations as pointed out in [39, 58, 61, 62]. We write the covariantly defined Laplace-
Beltrami operator as

▽̃2
Y = −k2

a2
Y, (36)

where Y are the eigenfunctions of the covariant operator, k is the wave-number related to
the cosmological scale factor as k = 2πa

λ
, with λ is the wavelength of perturbation. Thus the

evolution of perturbation equations eq. (33)–(35) in the kth mode can be rewritten in harmonic
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space as

∆̇k
m =

[θ(1 + wm

)
wmρm

ρt + pt

]
∆k

m −
[
(1 + wm)

(
1 +

θξ0ρ
1
2
cv

ρt + pt

)]
Zk

+
[(A+ αBρ1−α

cv + 3
2
ξ0Hρ

−1
2

cv

)
ρcv

ρt + pt

]
∆k

cv, (37)

Żk =
[
− 2θ

3
+

3

2
ξ0ρ

1
2
cv −

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ρα
+

9

2
Hξ0ρ

1
2

] ξ0ρ
1
2
cv

ρt + pt

− ξ0ρ
1
2
cv

ρt + pt

k2

a2

]
Zk +

[
− 1

2

(
1 + 3wm

)
ρm +

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ραcv

+
9

2
Hξ0ρ

1
2
cv

] wmρm
ρt + pt

+
wmρm
ρt + pt

k2

a2

]
∆k

m +
[
− 1

2

(
1 + 3A

)
ρcv +

3αB

2ραcv
+

9

2
ξ0Hρ

1
2
cv

+
[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

]Aρcv + αBρ2−α
cv + 3

2
ξ0Hρ

1
2
cv

ρt + pt

+
Aρcv + αBρ2−α

cv + 3
2
ξ0Hρ

1
2
cv

ρt + pt

k2

a2

]
∆k

cv, (38)

∆̇k
cv =

[
− 3BH

ραcv

(
αρcv +

1

ρcv

)
+ 3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

)(Aρcv + αBρ−α
cv + 3

2
ξ0Hρ

1
2
cv

)
ρt + pt

]
∆k

cv +
[
3H

((
A+ 1

)
ρcv −Bρ−α

cv − 3Hξ0ρ
1
2
cv

) wmρm
ρt + pt

]
∆k

m

+
[
−

(
A+ 1

)
+Bρ−(α+1)

cv + 2ξ0θρ
− 1

2
cv − 3H

((
A+ 1

)
ρcv −Bρ−α

cv − 3Hξ0ρ
1
2
cv

) ξ0ρ
1
2
cv

ρt + pt

]
Zk, (39)

The eq. (37)–(39) are ordinary differential equations which are much easier to handle. By using
the redshift transformation scheme defined below, [17, 39, 52, 63]

a =
1

1 + z
,

ḟ = −(1 + z)Hf ′,

f̈ = (1 + z)2H
(dH
dz

df

dz
+H

d2f

dz2

)
+ (1 + z)H2 df

dz
,

9



we can express the perturbation equations in the redshift space as

−
(
1 + z

)
H∆′k

m =
[θ(1 + wm

)
wmρm

ρt + pt

]
∆k

m −
[
(1 + wm)

(
1 +

θξ0ρ
1
2
cv

ρt + pt

)]
Zk

+
[(A+ αBρ1−α

cv + 3
2
ξ0Hρ

−1
2

cv

)
ρcv

ρt + pt

]
∆k

cv, (40)

−
(
1 + z

)
HZ ′k =

[
− 2θ

3
+

3

2
ξ0ρ

1
2
cv −

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ρα

+
9

2
Hξ0ρ

1
2

] ξ0ρ
1
2
cv

ρt + pt
− ξ0ρ

1
2
cv

ρt + pt

k2

a2

]
Zk +

[
− 1

2

(
1 + 3wm

)
ρm +

[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv

+
3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

] wmρm
ρt + pt

+
wmρm
ρt + pt

k2

a2

]
∆k

m +
[
− 1

2

(
1 + 3A

)
ρcv +

3αB

2ραcv
+

9

2
ξ0Hρ

1
2
cv

+
[θ2
3

+
1

2

(
1 + 3wm

)
ρm − 1

2

(
1 + 3A

)
ρcv +

3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

]Aρcv + αBρ2−α
cv + 3

2
ξ0Hρ

1
2
cv

ρt + pt

+
Aρcv + αBρ2−α

cv + 3
2
ξ0Hρ

1
2
cv

ρt + pt

k2

a2

]
∆k

cv, (41)

−
(
1 + z

)
H∆′k

cv =
[
− 3BH

ραcv

(
αρcv +

1

ρcv

)
+ 3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

)(Aρcv + αBρ−α
cv + 3

2
ξ0Hρ

1
2
cv

)
ρt + pt

]
∆k

cv +
[
3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

) wmρm
ρt + pt

]
∆k

m +
[
−

(
A+ 1

)
+Bρ−(α+1)

cv + 2ξ0θρ
− 1

2
cv

−3H
((

A+ 1
)
ρcv −Bρ−α

cv − 3Hξ0ρ
1
2
cv

) ξ0ρ
1
2
cv

ρt + pt

]
Zk. (42)

The perturbation equations eq. (40)–(42) are closed and can now be solved numerically by
considering long and short wave limits. The main aim of this work is to check if there is any
effect of generalized chaplygin gas-viscous fluid mixture on the growth rate of matter density
perturbations. We set the initial conditions at some redshift zin (for example zin = 4) to solve
the system of equations for ∆k

m(z) and make a comparison with the ΛCDM limit. For ΛCDM
limit, that is to say A = 0, B = 0, ξ0 = 0, eq. (40)–(42) are reduced to

−
(
1 + z

)
H∆′k

m =
(
θwm

)
∆k

m −
[
(1 + wm)

]
Zk, (43)

−
(
1 + z

)
HZ ′k =

(
− 2θ

3

)
Zk +

[
−

(
1 + 3wm

)
ρm

2
(
1 + wm

) +
(θ2
3

+
k2

a2

) wm

1 + wm

]
∆k

m, (44)

∆′k
cv = 0. (45)

Define the matter overdensity contrast as [39, 64]

δ(z) =
∆k(z)

∆k(zin)
, (46)
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with zin = 4 in both ΛCDM and our current model. We have also used the following relations:
ρm = ρm0(1 + z)3 for dust dominated universe (w = 0) and ρm = ρm0(1 + z)4 for radiation
dominated universe (w = 1

3
). Next sections analyse the perturbations for a dust or radiation

dominated universe in the long and short wavelength limits.

5 Perturbations in long wavelength limints

Further analysis of perturbation equations in long wavelength limit is made by considering that
the wave-number k is much smaller compared to other terms in the perturbations [38, 39]. In
this limit, we study the evolution of energy density perturbations in both dust and radiation
dominated universe.

5.1 Dust dominated Universe

The perturbation equations are analysed for the dust dominated universe, where the equation
of state parameter is set to w = 0. The perturbation equations eq. (40)–(42) can then be
rewritten as

−
(
1 + z

)
H∆′k

d = −
[(

1 +
θξ0ρ

1
2
cv

ρt + pt

)]
Zk +

[(A+ αBρ1−α
cv + 3

2
ξ0Hρ

−1
2

cv

)
ρcv

ρt + pt

]
∆k

cv, (47)

−
(
1 + z

)
HZ ′k =

[
− 2θ

3
+

3

2
ξ0ρ

1
2
cv −

[θ2
3

+
1

2
ρd −

1

2

(
1 + 3A

)
ρcv +

3B

2ρα
+

9

2
Hξ0ρ

1
2

] ξ0ρ
1
2
cv

ρt + pt

− ξ0ρ
1
2
cv

ρt + pt

k2

a2

]
Zk −

(1
2
ρd

)
∆k

m +
[
− 1

2

(
1 + 3A

)
ρcv +

3αB

2ραcv
+

9

2
ξ0Hρ

1
2
cv

+
[θ2
3

+
1

2
ρd −

1

2

(
1 + 3A

)
ρcv +

3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

]Aρcv + αBρ2−α
cv + 3

2
ξ0Hρ

1
2
cv

ρt + pt

+
Aρcv + αBρ2−α

cv + 3
2
ξ0Hρ

1
2
cv

ρt + pt

k2

a2

]
∆k

cv, (48)

−
(
1 + z

)
H∆′k

cv =
[
− 3BH

ραcv

(
αρcv +

1

ρcv

)
+ 3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

)(Aρcv + αBρ−α
cv + 3

2
ξ0Hρ

1
2
cv

)
ρt + pt

]
∆k

cv +
[
−
(
A+ 1

)
+Bρ−(α+1)

cv + 2ξ0θρ
− 1

2
cv

−3H
((

A+ 1
)
ρcv −Bρ−α

cv − 3Hξ0ρ
1
2
cv

) ξ0ρ
1
2
cv

ρt + pt

]
Zk. (49)

Solving eq. (47)–eq. (49) numerically, the results are presented in fig. (1), fig. (2) and fig. (3).
This is done by changing the parameters ξ or A and by fixing B and C.
By looking at both fig. (1), fig. (2) and fig. (3), the matter energy density contrast decays
with redshift but with amplitudes higher than that of ΛCDM limit, for the considered values
of viscosity parameter ξ0 and A.
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Figure 1: Plot of energy density contrast vs redshift of equations eq. (47)–eq. (49) using
A = 1

3
, B = 1 and C = 1 in the dust dominated universe (w = 0), long Wavelength limit

(k = 0.000001), ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 were used as initial conditions.

Figure 2: Plot of energy density contrast vs redshift of equations eq. (47)–eq. (49) A = 1
3
, B = 1

and C = 1 in the dust dominated universe (w = 0), long Wavelength limit (k = 0.000001),
∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 were used as initial conditions.
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Figure 3: Plot of energy density contrast vs redshift of equations eq. (47)–eq. (49) ξ = 0.1
, B = 1 and C = 1 in the dust dominated universe (w = 0), long Wavelength limit (k =
0.000001), ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 were used as initial conditions.
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5.2 Radiation dominated Universe

By assuming that the universe is dominated by radiation, it means the equation of state pa-
rameter is set to w = 1

3
, eq. (40)–(42) are then rewritten by

−
(
1 + z

)
H∆′k

r =
4θρr

9
(
ρt + pt

)∆k
r −

[4
3

(
1 +

θξ0ρ
1
2
cv

ρt + pt

)]
Zk

+
[(A+ αBρ1−α

cv + 3
2
ξ0Hρ

−1
2

cv

)
ρcv

ρt + pt

]
∆k

cv, (50)

−
(
1 + z

)
HZ ′k =

[
− 2θ

3
+

3

2
ξ0ρ

1
2
cv −

[θ2
3

+ ρr −
1

2

(
1 + 3A

)
ρcv +

3B

2ρα
+

9

2
Hξ0ρ

1
2

] ξ0ρ
1
2
cv

ρt + pt

− ξ0ρ
1
2
cv

ρt + pt

k2

a2

]
Zk +

[
− ρr +

[θ2
3

+ ρr −
1

2

(
1 + 3A

)
ρcv +

3B

2ραcv

+
9

2
Hξ0ρ

1
2
cv

] ρr

3
(
ρt + pt

) +
ρr

3
(
ρt + pt

) k2

a2

]
∆k

r +
[
− 1

2

(
1 + 3A

)
ρcv +

3αB

2ραcv
+

9

2
ξ0Hρ

1
2
cv

+
[θ2
3

+ ρr −
1

2

(
1 + 3A

)
ρcv +

3B

2ραcv
+

9

2
Hξ0ρ

1
2
cv

]Aρcv + αBρ2−α
cv + 3

2
ξ0Hρ

1
2
cv

ρt + pt

+
Aρcv + αBρ2−α

cv + 3
2
ξ0Hρ

1
2
cv

ρt + pt

k2

a2

]
∆k

cv, (51)

−
(
1 + z

)
H∆′k

cv =
[
− 3BH

ραcv

(
αρcv +

1

ρcv

)
+ 3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

)(Aρcv + αBρ−α
cv + 3

2
ξ0Hρ

1
2
cv

)
ρt + pt

]
∆k

cv +
[
3H

((
A+ 1

)
ρcv −Bρ−α

cv

−3Hξ0ρ
1
2
cv

) ρr

3
(
ρt + pt

)]∆k
r +

[
−

(
A+ 1

)
+Bρ−(α+1)

cv + 2ξ0θρ
− 1

2
cv

−3H
((

A+ 1
)
ρcv −Bρ−α

cv − 3Hξ0ρ
1
2
cv

) ξ0ρ
1
2
cv

ρt + pt

]
Zk. (52)

Solving eq. (50)-eq. (52) numerically, numerical results of energy density [44] are presented in
fig. (4), fig. (5), fig. (6) and fig. (7). Dynamical system analysis [45, 46] can be used for
constraining different considered parameters

6 Perturbations in short wavelength limits

The short wavelength mode assumes that the value of the wave-number k is very large compared
to other terms in the perturbations [39, 52]. Applying this approximation, we analyse the
perturbations in both dust and radiation dominated universe as we did in the long wavelength
limit and present numerical results. By considering that the k is very large compared to
other terms in eq. (47)–eq. (49) in the dust dominated case and solving numerically, the
numerical results are presented in fig. (8), fig. (9), fig. (10) and fig. (11) for different

14



Figure 4: Plot of energy density contrast vs redshift of equations eq. (50)–eq. (52) using A = 1
3
,

B = 1 and C = 1 in the radiation dominated universe (w = 1
3
), long Wavelength limit (k = 0),

∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 were used as initial conditions.

Figure 5: Plot of energy density contrast vs redshift of equations eq. (50)–eq. (52) using
A = 1

3
, B = 1 and C = 1 in the radiation dominated universe (w = 1

3
), long Wavelength

limit (k = 0.000001), ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 were used as initial
conditions.
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Figure 6: Plot of energy density contrast vs redshift of equations eq. (50)–eq. (52), using
A = 1

3
, B = 1 and C = 1 in the radiation dominated universe (w = 1

3
), long Wavelength limit

(k = 0.0001), ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 were used as initial conditions.

Figure 7: Plot of energy density contrast vs redshift of equations eq. (50)–eq. (52), using
ξ = 0.1, B = 1 and C = 1 in the radiation dominated universe (w = 1

3
), long Wavelength limit

(k = 0.0001), ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 were used as initial conditions.
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Figure 8: Plot of energy density contrast vs redshift of equations eq. (47)–eq. (49), using
A = 1

3
, B = 1 and C = 1 in the dust (w = 0) dominated universe, short wavelength (k = 10)

limit, ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 have been used as initial conditions.

Figure 9: Plot of energy density contrast vs redshift of equations eq. (47)–eq. (49), using
A = 1

3
, B = 1 and C = 1 in the dust (w = 0) dominated universe, short wavelength (k = 100)

limit, ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 have been used as initial conditions.
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Figure 10: Plot of energy density contrast vs redshift of equations eq. (47)–eq. (49), using
A = 1

3
, B = 1 and C = 1 in the dust (w = 0) dominated universe, short wavelength (k = 10)

limit, ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 have been used as initial conditions.

Figure 11: Plot of energy density contrast vs redshift of equations eq. (47)–eq. (49), using
ξ = 0.1, B = 1 and C = 1 in the dust (w = 0) dominated universe, short wavelength (k = 100)
limit, ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 have been used as initial conditions.
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Figure 12: Plot of energy density contrast vs redshift of equations eq. (50)-eq. (52), using
A = 1

3
, B = 1 and C = 1 in the radiation (w = 1

3
) dominated universe, short wavelength

(k = 100) limit,∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 have been used as initial
conditions.

values of viscosity constant ξ0 and parameter A. By considering different values of k, the
perturbations in short wavelength are scale dependance, a result in agreement with the work
conducted in[47, 48]. Applying the short wavelength approximation to the eq. (50)-eq. (52) in
the radiation dominated case and solving numerically, the results are presented in fig. (12), fig.
(13) and fig. (14).

7 Discussions and conclusion

The current treatment consider a mixture of matter, modified chaplygin gas and bulk viscous
fluids model in flat homogeneous and isotropic universe to study cosmological perturbations.
Using some of the basic equations governing this model presented in [34] together with the
defined covariant gauge invariant gradient variables, we presented the perturbation equations
in redshift space responsible for large scale structure formation. In order to further analyse the
effect of modified chaplygin gas-bulk viscous fluid on the matter energy overdensity, we solved
numerically the perturbations equations. We have analysed the growth of density contrast for
both long and short wavelength limits. In the long wavelength limit, we apply the assumption
that the wave number k is much smaller compared to other terms in the perturbations. We
further consider the cases where the universe is filled with dust fluid, where the equation state
parameter is given by w = 0 to get the equations Eq. (47)–(49). In the second case, we assume
that the universe is filled with radiation mixture, where w = 1

3
to get perturbation equations

Eq. (50)–(52). Using different model parameters and initial conditions such as B = 1, C = 1,
∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 for some zin = 4, and by changing the
viscosity parameter ξ0 or A. We get numerical results of perturbation equations as presented in
figs. (1)–(3) for dust dominated universe and in figs. (4)–(7) for radiation dominated universe.
From the plots, the density contrast (δ(z)) decays with redshift. In the case of short wavelength
limit, we assume the wave number is much bigger than other terms in the perturbations so that
the numerical results are presented in figs. (8)–(11) for dust dominated universe whereas fig.
(12), fig. (13) and fig. (14) represent the numerical results for radiation dominated universe.
By looking at all the plots in both long and short wavelength limits, we depict that the energy
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Figure 13: Plot of energy density contrast vs redshift of equations eq. (50)-eq. (52), using
A = 1

3
, B = 1 and C = 1 in the radiation (w = 1

3
) dominated universe, short wavelength

(k = 10) limit, ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 have been used as initial
conditions
.

Figure 14: Plot of energy density contrast vs redshift of equations eq. (50)-eq. (52), using
ξ = 0.1, B = 1 and C = 1 in the radiation (w = 1

3
) dominated universe, short wavelength

(k = 100) limit, ∆m(zin) = 10−5, Zin = 10−5 and ∆cv(zin) = 10−5 have been used as initial
conditions
.
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density contrast (δ(z)) decays with redshift for both ΛCDM limit and our model, but the
amplitudes of perturbations are higher than those of ΛCDM. The decay of density contrast
suggests the possibility for large scale structure formation in the universe which may help in
cosmic acceleration scenario. Moreover, our results suggest that for both long wavelength (it
means smaller values of the wave-number k) and short wavelength limits, as we change the value
of viscosity constant or the parameter A, the amplitude of perturbations (spread in amplitudes)
get larger in a dust dominated universe compared to those in the radiation dominated universe.
By investigating the evolution of δ(z) of the viscous modified chaplygin gas model, where v = 1

2

for different viscous parameter ξ0, one can depict that the δ(z) tends to ΛCDM as z increases.
As a follow up task, it is worthwhile considering the 1+3 covariant cosmological perturbations
for a general model (v ̸= 1

2
) and/or by considering other variants of chaplygin gas model. This

will be done elsewhere.
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A Useful Linearised Differential Identities

For all scalars f , vectors Va and tensors that vanish in the background, Sab = S⟨ab⟩, the following
linearised identities hold:(

∇̃⟨a∇̃b⟩f
).

= ∇̃⟨a∇̃b⟩ḟ − 2
3
Θ∇̃⟨a∇̃b⟩f + ḟ∇̃⟨aAb⟩ , (53)

εabc∇̃b∇̃cf = 0 , (54)

εcda∇̃c∇̃⟨b∇̃d⟩f = εcda∇̃c∇̃(b∇̃d)f = εcda∇̃c∇̃b∇̃df = 0 , (55)

∇̃2
(
∇̃af

)
= ∇̃a

(
∇̃2f

)
+ 1

3
R̃∇̃af , (56)(

∇̃af
)·

= ∇̃aḟ − 1
3
Θ∇̃af + ḟAa , (57)(

∇̃aSb···

)·
= ∇̃aṠb··· − 1

3
Θ∇̃aSb··· , (58)(

∇̃2f
)·

= ∇̃2ḟ − 2
3
Θ∇̃2f + ḟ∇̃aAa , (59)

∇̃[a∇̃b]Vc = −1
6
R̃V[ahb]c , (60)

∇̃[a∇̃b]S
cd = −1

3
R̃S[a

(chb]
d) , (61)

∇̃a
(
εabc∇̃bV c

)
= 0 , (62)

∇̃b

(
εcd⟨a∇̃cS

b⟩
d

)
= 1

2
εabc∇̃b

(
∇̃dS

d
c

)
, (63)

curlcurlVa = ∇̃a

(
∇̃bVb

)
− ∇̃2Va +

1
3
R̃Va , (64)
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