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On estimates for the number of negative
eigenvalues of two-dimensional Schrödinger
operators with potentials supported by

Lipschitz curves

Martin Karuhanga∗

Abstract

In this paper we present quantitative upper estimates for the num-
ber of negative eigenvalues of a two-dimensional Schrödinger operator
with potential supported by an unbounded Lipschitz curve. The esti-
mates are given in terms of weighted L1 and L logL type Orlicz norms
of the potential.

Keywords: Negative eigenvalues; Schrödinger operators; Lipschitz curves.

1 Introduction

According to the celebrated Cwikel-Lieb-Rozenblum inequality [2, 16], the
number N−(V ) of negative eigenvalues of the Schrödinger operator −∆ −
V, V ≥ 0 on L2(Rd), d ≥ 3 is estimated above by

const

∫
Rd
V (x)

d
2 dx.

It is well known that this estimate does not hold for d = 2. One of the reasons
for this is that the Sobolev space H1(R2) is not continuously embedded in
L∞(R2). However, it was shown in [9] that the Cwikel-Lieb-Rozenblum in-
equality gives a lower estimate in two dimensions. The strongest known esti-
mates for the number of negative eigenvalues of a two-dimensional Schrödinger
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operator involve weighted L1 norms and L logL type Orlicz norms of the po-
tential (see, e.g., [18, 19]). In the case of compactly supported potentials,
one does not need to use weighted L1 norms of the potential. Similar esti-
mates involving only L logL Orlicz norms of the potential were obtained in
[17] for two-dimensional Schrödinger operators with potentials supported by
bounded Lipschitz curves. The estimates obtained in [17] are extended in
the present paper to the case of potentials supported by unbounded Lips-
chitz curves. This extension is by no means straightforward as one needs to
introduce weighted L1 norms of the potential into the estimates. More upper
estimates for N−(V ) in the case d = 2 can be found in [4, 6, 7, 8, 13, 18, 19]
and the references therein.

We study the operator

HV := −∆− V, V ≥ 0 (1)

on L2(R2), where V is a real valued function supported by and locally inte-
grable on an unbounded Lipschitz curve.

2 Notation and auxilliary material

In this section we present the basic theory of Orlicz spaces that we use in
the sequel (more details can be found for example in [1, 12] and [15]).

Let (Ω,Σ, µ) be a measure space and let Ψ : [0,+∞) → [0,+∞) be a non-
decreasing function. We define a Banach space of functions f : Ω → C (or
R) such that ∫

Ω

Ψ
(
|f(x)|

)
dµ(x) <∞. (2)

If Ψ(t) ≡ tp, then this is just Lp(Ω). If Ψ is rapidly increasing, e.g exponen-
tially increasing, the set of all functions satisfying (2) is not a linear space
as (2) does not imply that the same for 2f is finite.

Definition 2.1. A continuous convex non-decreasing function Ψ : [0,+∞)→
[0,+∞) is called an N -function if

lim
t→0+

Ψ(t)

t
= 0 and lim

t→+∞

Ψ(t)

t
= +∞.

The function Φ : [0,+∞)→ [0,+∞) defined by

Φ(t) := sup
s≥0

(
st−Ψ(s)

)
is called complementary to Ψ.
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Let Φ and Ψ be mutually complementary N -functions. We will use the
following norms:

‖f‖Ψ,Ω = sup

{∣∣∣∣∫
Ω

fgdµ

∣∣∣∣ :

∫
Ω

Φ(|g|)dµ ≤ 1

}
(3)

and

‖f‖(Ψ,Ω) = inf

{
κ > 0 :

∫
Ω

Ψ

(
|f |
κ

)
dµ ≤ 1

}
. (4)

The Orlicz space which we denote by LΨ(Ω) is defined as follows

LΨ(Ω) := {f | ‖f‖Ψ,Ω <∞}. (5)

The above two norms are equivalent

‖f‖(Ψ,Ω) ≤ ‖f‖Ψ,Ω ≤ 2‖f‖(Ψ,Ω) , ∀f ∈ LΨ(Ω), (6)

(see [1]).
Note that ∫

Ω

Ψ

(
|f |
κ0

)
dµ ≤ C0, C0 ≥ 1 =⇒ ‖f‖(Ψ,Ω) ≤ C0κ0. (7)

Indeed, since Ψ is convex and increasing on [0,+∞), and Ψ(0) = 0, we get
for any κ ≥ C0κ0,∫

Ω

Ψ

(
|f |
κ

)
dµ ≤

∫
Ω

Ψ

(
|f |
C0κ0

)
dµ ≤ 1

C0

∫
Ω

Ψ

(
|f |
κ0

)
dµ ≤ 1. (8)

It follows from (7) with κ0 = 1 that

‖f‖(Ψ,Ω) ≤ max

{
1,

∫
Ω

Ψ(|f |)dµ
}
. (9)

We will also need the following equivalent norm on LΨ(Ω) with µ(Ω) < ∞
which was introduced in [19]:

‖f‖(av)
Ψ,Ω := sup

{∣∣∣∣∫
Ω

fg dµ

∣∣∣∣ :

∫
Ω

Φ(|g|)dµ ≤ µ(Ω)

}
. (10)

Let

‖f‖(av),τ
Ψ,Ω = sup

{∣∣∣∣∫
Ω

fg dµ

∣∣∣∣ :

∫
Ω

Φ(|g|)dµ ≤ τµ(Ω)

}
, τ > 0. (11)

By mimicking the proof of Lemma 2.1 in [18], one can show that for any
τ1, τ2 > 0

min

{
1,
τ2

τ1

}
‖f‖(av),τ1

Ψ,Ω ≤ ‖f‖(av),τ2
Ψ,Ω ≤ max

{
1,
τ2

τ1

}
‖f‖(av),τ1

Ψ,Ω . (12)
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Lemma 2.2. Let Ωk, k = 1, ..., n be pairwise disjoint measurable subsets of
Ω such that ∪

k
Ωk ⊆ Ω. Then

n∑
k=1

‖f‖(av)
Ψ,Ωk
≤ ‖f‖(av)

Ψ,Ω.

Let G,Gk, k = 1, ..., n be measurable sets such that G ⊆ ∪
k
Gk. Then

‖f‖(av)
Ψ,G ≤ β

n∑
k=1

‖f‖(av)
Ψ,Gk

, (13)

where

β := max

{
1, max

1,2,...,n

µ(G)

µ(Gk)

}
.

Proof. The first statement can be found in [19, Lemma 2]. Now

‖f‖(av)
Ψ,G = sup

{∣∣∣∣∫
G

fg dµ

∣∣∣∣ :

∫
G

Φ(|g|)dµ ≤ µ(G)

}
≤ sup

{
n∑
k=1

∣∣∣∣∫
G∩Gk

fg dµ

∣∣∣∣ :

∫
G

Φ(|g|)dµ ≤ µ(G)

}

≤
n∑
k=1

sup

{∣∣∣∣∫
Gk

fg dµ

∣∣∣∣ :

∫
Gk

Φ(|g|)dµ ≤ βµ(Gk)

}
≤

n∑
k=1

‖f‖(av),β
Ψ,Gk

≤ β
n∑
k=1

‖f‖(av)
Ψ,Gk

(by (12)).

We will use the following pair of mutually complementary N -functions

A(s) = e|s| − 1− |s|, B(s) = (1 + |s|) ln(1 + |s|)− |s|, s ∈ R. (14)

3 Lipschitz curves

Definition 3.1. A mapping F from a metric space (X1, d1) into a metric
space (X2, d2) is said to bi-Lipschitz if there exists a constant L > 0 such
that

d1(x, y)/L ≤ d2(F (x), F (y)) ≤ Ld1(x, y), ∀x, y ∈ X1.

4



Let ` be a curve in C. We say that ` is a Lipschitz arc if it is a bi-Liptschitz
image of [0, 1].

It is clear that a Lipschitz arc is non-self intersecting and rectifiable (has
finite length). Using arc length parametrization, one is able to see that a
simple rectifiable curve ` is a Lipschitz arc if and only if it is a chord-arc
curve, that is, there exists a constant K ≥ 1 such that the length of the sub-
arc of ` joining any two points is bounded by K times the distance between
them. When dealing with function spaces on `, we will always assume that
` is equipped with the arc length measure.

Let Γ be an unbounded curve in R2 and F : R −→ R2 be a bi-Lipschitz
mapping such that F (R) = Γ. Then F can be extended to a bi-Lipschitz
homeomorphism F : R2 −→ R2 (see [11, Proposition 1.13]). Below we iden-
tify R2 with C. Let ξ0 ∈ C \ R. Then one has∫

Γ

ln(1 + |z − z0|)
1

|z − z0|2
ds(z)

=

∫
R

ln(1 + |F (ξ)− F (ξ0)|) 1

|F (ξ)− F (ξ0)|2
dF (ξ)

≤
∫
R

ln(1 + L|ξ − ξ0|)
Ldξ

|ξ − ξ0|2/L2

= L3

∫
R

ln(1 + L|ξ − ξ0|)
dξ

|ξ − ξ0|2
<∞. (15)

Lemma 3.2. Let z0 ∈ C \ Γ be fixed and let

ξ(z) :=
1

z − z0

, z ∈ C \ {z0}. (16)

Then Γ̃ := ξ(Γ) ∪ {0} is a closed Lipschitz curve, i.e. a bi-Liptschitz image
of the unit circle.

Proof. Let T := {ζ ∈ C : |ζ| = 1} and

ω(ζ) := i
ζ − 1

ζ + 1
, ζ ∈ C \ {−1},

F0(ζ) := ξ(F (ω(ζ))) =
1

F (ω(ζ))− z0

.

Then ξ(Γ) = ξ(F (R)) = ξ(F (ω(T \ {−1}))) = F0(T \ {−1}) and F0(ζ) → 0
as ζ → −1.
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There exists w0 ∈ C \R such that z0 = F (w0). For any ζ1, ζ2 ∈ T \ {−1}, we
have

F0(ζ1)− F0(ζ2) =
1

F (ω(ζ1))− F (w0)
− 1

F (ω(ζ2))− F (w0)

=
F (ω(ζ2))− F (ω(ζ1))

(F (ω(ζ1))− F (w0)) (F (ω(ζ2))− F (w0))
. (17)

Now

2|ζ2 − ζ1|
L|ζ2 + 1||ζ1 + 1|

=
1

L
|ω(ζ2)− ω(ζ1)| ≤ |F (ω(ζj))− F (ω(ζ1))|

≤ L|ω(ζ2)− ω(ζ1)| = 2L
|ζ2 − ζ1|

|ζ2 + 1||ζ1 + 1|
(18)

and

|ζj(iw0 + 1) + (iw0 − 1)|
L|ζj + 1|

=
1

L
|ω(ζj)− w0| ≤ |F (ω(ζj))− F (w0)|

≤ L |ω(ζj)− w0| = L
|ζj(iw0 + 1) + (iw0 − 1)|

|ζj + 1|
, j = 1, 2. (19)

Since w0 /∈ R, we have

M := max
ζ∈T
|ζ(iw0 + 1) + (iw0 − 1)| < +∞,

m := min
ζ∈T
|ζ(iw0 + 1) + (iw0 − 1)| > 0.

It now follows from (17), (18) and (19) that

2|ζ1 − ζ2|
L3M2

≤ |F0(ζ1)− F0(ζ2)| ≤ 2L3

m2
|ζ1 − ζ2|.

Hence F0 : T\{−1} → ξ(Γ) is bi-Lipschitz and can be extended by continuity
to a bi-Lipschitz mapping from T onto Γ̃.

4 Estimates for the number of negative eigen-

values

Let H be a Hilbert space and let q be a Hermitian form with a domain
Dom (q) ⊆ H. Set

N−(q) := sup {dimL | q[u] < 0, ∀u ∈ L \ {0}} , (20)

6



where L denotes a linear subspace of Dom (q). If q is the quadratic form of a
self-adjoint operator A with no essential spectrum in (−∞, 0), then, N−(q)
is the number of negative eigenvalues of A repeated according to their mul-
tiplicity (see, e.g., [3, S1.3] or [5, Theorem 10.2.3]).

Let ` be a Lipschitz arc in R2. Denote by N−(V ) the number of negative
eigenvalues counting multiplicities of a two dimensional Schrödinger operator
with potential V supported by `.

Theorem 4.1. [17, Theorem 3.1] Let V ∈ LB(`) (see (5) and (14)). Then
there exists a constant C(`) > 0 such that

N−(V ) ≤ C(`)‖V ‖B,` + 1, ∀V ∈ LB(`), V ≥ 0. (21)

Below, Γ and Γ̃ are as defined in §3 and W 1
2 (R2) denotes the standard Sobolev

space H1(R2). Let V ∈ L1
loc(Γ) and define the operator (1) via its quadratic

form by

qV [w] :=

∫
R2

|∇w(z)|2 dz −
∫

Γ

V (z)|w(z)|2 ds(z),

Dom(qV ) = W 1
2 (R2) ∩ L2(Γ, V ds).

We shall denote byN−(qV ) the number of negative eigenvalues of (1) counting
multiplicities.

Theorem 4.2. Let z0 ∈ C \ Γ such that inf
z∈Γ
|z − z0| ≥ 1. Then for all

V ∈ LB(Γ), V ≥ 0, there exists a constant C1(Γ) > 0 such that

N−(qV ) ≤ C1(Γ)

(
‖V ‖B,Γ +

∫
Γ

V (z) ln (1 + |z − z0|) ds(z)

)
+ 1. (22)

Proof. Let w̃(ξ) := w(z), Ṽ (ξ) := |z − z0|2V (z), where ξ is given by (16).
Then ∫

R2

|∇w(z)|2 dz =

∫
R2

|∇w̃(ξ)|2 dξ∫
Γ

V (z)|w(z)|2 ds(z) =

∫
Γ̃

Ṽ (ξ)|w̃(ξ)|2 ds(ξ).

Let

qṼ [w̃] :=

∫
R2

|∇w̃(ξ)|2 dξ −
∫

Γ̃

Ṽ |w̃(ξ)|2 ds(ξ),

Dom(qṼ ) = W 1
2 (R2) ∩ L2(Γ̃, Ṽ ds).
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Then by (21) we have

N−(qV ) = N−(qṼ ) ≤ C(Γ̃)‖Ṽ ‖B,Γ̃ + 1, Ṽ ≥ 0, (23)

It now remains to estimate the norm in the right-hand side (23). For conve-
nience, we work with the Luxemburg norm (4). For any κ > 0, we have∫

Γ̃

B

(
Ṽ (ξ)

κ

)
ds(ξ) =

∫
Γ̃

B
(
V (z)

κ|ξ|2

)
ds(ξ)

=

∫
Γ

B
(
V (z)|z − z0|2

κ

)
1

|z − z0|2
ds(z)

=

∫
Γ

((
1 + |z − z0|2

V (z)

κ

)
ln

(
1 + |z − z0|2

V (z)

κ

)
− |z − z0|2

V (z)

κ

)
1

|z − z0|2
ds(z)

≤
∫

Γ

((
1 + |z − z0|2

V (z)

κ

)
ln

(
1 +

V (z)

κ

)
− |z − z0|2

V (z)

κ

)
1

|z − z0|2
ds(z)

+

∫
Γ

((
1 + |z − z0|2

V (z)

κ

)
ln
(
1 + |z − z0|2

)) 1

|z − z0|2
ds(z)

=

∫
Γ

|z − z0|2
((

1

|z − z0|2
+
V (z)

κ

)
ln

(
1 +

V (z)

κ

)
− V (z)

κ

)
1

|z − z0|2
ds(z)

+

∫
Γ

((
1 + |z − z0|2

V (z)

κ

)
ln
(
1 + |z − z0|2

)) 1

|z − z0|2
ds(z)

≤ max

{
1, sup

z∈Γ

1

|z − z0|2

}∫
Γ

((
1 +

V (z)

κ

)
ln

(
1 +

V (z)

κ

)
− V (z)

κ

)
ds(z)

+
1

κ

∫
Γ

V (z) ln
(
1 + |z − z0|2

)
ds(z) +

∫
Γ

ln
(
1 + |z − z0|2

) 1

|z − z0|2
ds(z)

≤
∫

Γ

B
(
V (z)

κ

)
ds(z) +

2

κ

∫
Γ

V (z) ln (1 + |z − z0|) ds(z)

+ 2

∫
Γ

ln (1 + |z − z0|)
1

|z − z0|2
ds(z).

Let

κ0 := max

{
‖V ‖(B,Γ),

∫
Γ

V (z) ln (1 + |z − z0|) ds(z)

}
.

Then∫
Γ̃

B

(
Ṽ (ξ)

κ0

)
ds(ξ) ≤ 1 + 2 + 2

∫
Γ

ln (1 + |z − z0|)
1

|z − z0|2
ds(z) := C2 <∞

8



(by (15)). Hence, by (7) we have

‖Ṽ ‖(B,Γ̃) ≤ C2max

{
‖V ‖(B,Γ),

∫
Γ

V (z) ln (1 + |z − z0|) ds(z)

}
≤ C2

(
‖V ‖(B,Γ) +

∫
Γ

V (z) ln (1 + |z − z0|) ds(z)

)
.

By (6) and (23) the proof is complete.

In the next theorem, we give an analogue of the Birman-Solomyak type
estimate presented in [6] (see also §5 in [18]). Without loss of generality,
assume that F (0) = 0. Let

Un := [e2n−1

, e2n ], n > 0, U0 := [e−1, e], Un := [e−2|n| , e−2|n|−1

], n < 0,

Λn :=

{
x ∈ R2 :

1

L
e2n−1 ≤ |x| ≤ Le2n

}
∩ Γ, n > 0,

Λ0 :=

{
x ∈ R2 :

1

L
e−1 ≤ |x| ≤ Le

}
∩ Γ,

Λn :=

{
x ∈ R2 :

1

L
e−2|n| ≤ |x| ≤ Le−2|n|−1

}
∩ Γ, n < 0,

γn :=
{
x ∈ R2 : e2n−1 ≤ |x| ≤ e2n

}
∩ Γ, n > 0,

γ0 :=
{
x ∈ R2 : e−1 ≤ |x| ≤ e

}
∩ Γ,

γn :=
{
x ∈ R2 : e−2|n| ≤ |x| ≤ e−2|n|−1

}
∩ Γ, n < 0.

There exists an integer n0 such that e2n0−1 ≥ L. One can take n0 =
dlog2 logLe + 1, where d·e denotes the ceiling function, i.e., dae is the least
integer greater than or equal to a. Increasing n0 if necessary, we can assume
that n0 ≥ 0. Thus

Λn ⊂
{
x ∈ R2 : e2n−1−2n0−1 ≤ |x| ≤ e2n+2n0−1

}
, n > 0,

Λ0 ⊂
{
x ∈ R2 : e−1−2n0−1 ≤ |x| ≤ e1+2n0−1

}
,

Λn ⊂
{
x ∈ R2 : e−2|n|−2n0−1 ≤ |x| ≤ e−2|n|−1+2n0−1

}
, n < 0.

Let

n+ :=

{
n+ 1, |n| > n0

n0 + 1, |n| ≤ n0,
n− :=

{
n− 1, |n| > n0

−n0 − 1, |n| ≤ n0.
(24)
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If n > n0, then 2n+ = 2n+1 = 2n + 2n > 2n + 2n0−1 and 2n−−1 = 2n−2 =
2n−1

(
1− 1

2

)
≤ 2n−1

(
1− 1

2n−n0

)
= 2n−1 − 2n0−1. If n < −n0, then −2|n−| =

−2|n|+1 = −2|n|−2|n| ≤ −2|n|−2n0−1 and−2|n+|−1 = −2|n|−2 = −2|n|−1
(
1− 1

2

)
≥

−2|n|−1
(
1− 1

2|n|−n0

)
= −2|n|−1 + 2n0−1. Finally, if |n| ≤ n0, then 2n+ =

2n0+1 = 2n0 + 2n0 > 2|n| + 2n0−1 and −2|n−| = −2n0+1 = −2n0 − 2n0 <
−2|n| − 2n0−1. Hence

Λn ⊆
n+⋃

k=n−

γk , ∀n ∈ Z. (25)

Let

Ωn :=
{
x ∈ R2 : 2n−1 < |x| < 2n

}
, n ∈ Z,

ηn :=

{
x ∈ R2 :

1

L
2n−1 < |x| < L2n

}
∩ Γ,

Γn :=
{
x ∈ R2 : 2n−1 < |x| < 2n

}
∩ Γ.

Then there exist an integer n1 such that 2n1−1 ≥ L. One can take
n1 = dlog2 Le+ 1. This means that

ηn ⊂
{
x ∈ R2 : 2n−n1 < |x| < 2n+n1−1

}
and

ηn ⊆
n+n1−1⋃

k=n−n1+1

Γk . (26)

Hence, Lemma 2.2 implies

‖V ‖(av)
B,Γn ≤ ‖V ‖

(av)
B,ηn ≤ β

n+n1−1∑
k=n−n1+1

‖V ‖(av)
B,Γk , (27)

where

β := sup
n∈Z

max
k=n−n1+1,...,n+n1−1

|ηn|
|Γk|

.

It is important to show that β is finite. For each n−n1 +1 ≤ k ≤ n+n1−1,
|Γk| ≥ 2 · 2k−1 ≥ 2n−n1+1. Since ηn is a chord arc curve, there is a constant
K ≥ 1 such that

|ηn| ≤ 2LK2n = 2n+1KL.

Thus
|ηn|
|Γk|
≤ 2n+1KL

2n−n1+1
= 2n1KL <∞ .
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Let

Qn :=

∫
γn

| log |x||V (x) ds(x), n ∈ Z \ {0}, Q0 :=

∫
γ0

V (x) ds(x),

Rn := ‖V ‖(av)
B,Γn , n ∈ Z.

Theorem 4.3. There exist constants c1, c2, C3, C4 > 0 depending on L such
that

N−(qV ) ≤ 1 + C3

∑
{Qn>c1}

√
Qn + C4

∑
{Rn>c2}

Rn, V ≥ 0. (28)

Proof. Let Ṽ (y) := V (F (y)), u(y) := w(F (y)), w ∈ Dom(qV ). Since F is
bi-Lipschitz, there exist constants C5 > 0 and C6 > 0 depending on L such
that ∫

R2

|∇w(x)|2 dx ≥ 1

C5

∫
R2

|∇u(y)|2 dy ,∫
Γ

V (x)|w(x)|2 ds(x) ≤ C6

∫
R
Ṽ (y1, 0)|u(y1, 0)|2 dy1 .

Hence
N−(qV ) ≤ N−(qC7Ṽ

), (29)

where C7 := C5C6 and

qC7Ṽ
[u] :=

∫
R2

|∇u(y)|2 dy − C7

∫
R
Ṽ (y1, 0)|u(y1, 0)|2 dy1 ,

Dom(qC7Ṽ
) = W 1

2 (R2) ∩ L2(R, Ṽ (., 0) dy1).

Let (r, θ) denote the polar coordinates in R2, r ∈ R+, θ ∈ [−π, π] and

uR(r) :=
1

2π

∫ π

−π
u(r, θ)dθ, uN (r, θ) := u(r, θ)− uR(r), u ∈ C(R2 \ {0}).

Then ∫ π

−π
uN (r, θ) dθ = 0, ∀r > 0, (30)

and it is easy to see that∫
R2

uRvN dy = 0, ∀u, v ∈ C
(
R2 \ {0}

)
∩ L2

(
R2
)
.

Using the representation of the gradient in polar coordinates one can easily
show that ∫

R2

∇uR∇vN dy = 0, ∀u, v ∈ C∞0
(
R2
)
.
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Hence u 7→ Pu := uR extends to an orthogonal projection P : W 1
2 (R2) →

W 1
2 (R2). Since ∫

R2

|∇u|2 dy =

∫
R2

|∇uR|2 dy +

∫
R2

|∇uN |2 dy,∫
R
Ṽ |u|2 dy1 ≤ 2

∫
R
Ṽ |uR|2 dy1 + 2

∫
R
Ṽ |uN |2 dy1,

one has
N−(qC7Ṽ

) ≤ N−(q1,2C7Ṽ
) +N−(q2,2C7Ṽ

) (31)

where N−(q1,2C7Ṽ
) and N−(q2,2C7Ṽ

) are the restrictions of the form N−(qC7Ṽ
)

to PW 1
2 (R2) and (I − P )W 1

2 (R2) respectively.

To estimate the right-hand side of (31), we start with the case of

PW 1
2 (R2) = {u ∈ W 1

2 (R2) : u(x) = uR(r)}.

Let Ṽ∗(r) := Ṽ (r) + Ṽ (−r). Then∫
R
Ṽ (y1, 0)|uR(y1, 0)|2 dy1 =

∫
R+

Ṽ∗(r)|uR(r)|2 dr

Using the exponential change of variables r = et and using the notation
uR(y) = uR(r) = v(t), we have∫

R2

|∇uR(y)|2 dy = 2π

∫
R
|v′(t)|2 dt

and

C7

∫
R+

Ṽ∗(r)|uR(r)|2 dr = 2π

∫
R
G(t)|v(t)|2 dt,

where

G(t) :=
et

2π
C7Ṽ∗(e

t). (32)

Hence, we have the following well studied one-dimensional Schrödinger op-
erator on L2(R)

− d2

dt2
− 2G, G ≥ 0.

Let

q2G[v] :=

∫
R
|v′(t)|2 dt− 2

∫
R
G(t)|v(t)|2 dt,

Dom (q2G) = W 1
2 (R) ∩ L2(R, Gdt).
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Furthermore, let

In := [2n−1, 2n], n > 0, I0 := [−1, 1], In := [−2|n|,−2|n|−1], n < 0

and

Qn :=

∫
In

|t|G(t) dt, n 6= 0, Q0 :=

∫
I0

G(t) dt. (33)

Then one has

N−(q1,2C7Ṽ
) ≤ N−(q2G) ≤ 1 + 7.61

∑
{Qn>0.046}

√
Qn (34)

(see the estimate before (39) in [18]). Next, we consider the case of

(I − P )W 1
2 (R2) = {u ∈ W 1

2 (R2) : u(y) = uN (y)}

to obtain an estimate for the second term in (31). Let Jn := Ωn ∩ R, n ∈ Z
and

q2,2C7Ṽ
[uN ] :=

∫
R2

|∇uN (y)|2 dy − 2C7

∫
R
Ṽ (y1, 0)|uN (y1, 0)|2 dy1,

Dom(q2,2C7Ṽ
) = (I − P )W 1

2 (R2) ∩ L2(Ṽ (., 0) dy1),

q2,2C7Ṽ ,Ωn
[u] :=

∫
Ωn

|∇u(y)|2 dy − 2C7

∫
Jn

Ṽ (y1)|u(y1)|2 dy1,

Dom (q2,2C7Ṽ ,Ωn
) =

{
u ∈ W 1

2 (Ωn) ∩ L2
(
Jn, Ṽ dy1

)
: uΩn = 0

}
,

where uQ := 1
|Q|

∫
Q
u(y) dy. Note that vΩn = 0 for any v ∈ (I − P )W 1

2 (R2).

Using [17, Lemma 3] instead of [18, Lemma 7.6] in the proof of [18, Lemma
7.7], one can show similarly to [18, Lemma 7.8] that there is a constant
C8 > 0 such that

N−(q2,2C7Ṽ ,Ωn
) ≤ C8‖Ṽ ‖(av)

B,Jn , ∀ Ṽ ≥ 0.

Let Dn := ‖Ṽ ‖(av)
B,Jn . Then for any c < 1

C8
, the variational principle (see, e.g.,

[10, Ch.6, § 2.1, Theorem 4]) implies

N−(q2,2C7Ṽ
) ≤ C8

∑
{Dn>c :n∈Z}

Dn, ∀ Ṽ ≥ 0. (35)

If ‖Ṽ ‖(av)
B,Jn <

1
C8

, then N−(q2,2C7Ṽ ,Jn
) = 0 and one can drop this term from

the sum in (35). Now it follows from (31), (34) and (35) that

N−(qC7Ṽ
) ≤ 1 + 7.61

∑
{Qn>0.046}

√
Qn + C8

∑
{Dn>c :n∈Z}

Dn, ∀ Ṽ ≥ 0. (36)
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It now remains to write the estimate for N−(qC7Ṽ
) in terms of the original

potential V to obtain an estimate for N−(qV ) (see (28)).
Let n := F ({y ∈ R : |y| ∈ Un}). Then we have for n 6= 0 by (32) and (33)

Qn =

∫
In

|t|G(t) dt =
1

2π
C7

∫
In

|t|etṼ∗(et) dt

=
1

2π
C7

∫
Un

| log r|Ṽ∗(r) dr

=
1

2π
C7

∫
Un

| log y1|Ṽ∗(y1) dy1

≤ 1

2π
C7

(
L logL

∫
n

V (x) ds(x) + L

∫
n

| log |x||V (x) ds(x)

)
≤ 1

2π
C7Lmax {1, logL}

(∫
n

V (x) ds(x) +

∫
n

| log |x||V (x) ds(x)

)
≤ 1

2π
C7Lmax {1, logL}

(∫
Λn

V (x) ds(x) +

∫
Λn

| log |x||V (x) ds(x)

)
≤ 1

2π
C7Lmax {1, logL}

n+∑
k=n−

(∫
γk

V (x) ds(x) +

∫
γk

| log |x||V (x) ds(x)

)

≤ C9

n+∑
k=n−

Qk,

where C9 := 1
2π
C7Lmax {1, logL} (see (25)). For n = 0,

Q0 =

∫
I0

G(t) dt =
1

2π
C7

∫
I0

etṼ∗(e
t) dt =

1

2π
C7

∫
U0

Ṽ∗(r) dr

=
1

2π
C7

∫
U0

Ṽ∗(y1) dy1 ≤
1

2π
C7L

∫
0

V (x)ds(x)

≤ 1

2π
C7L

∫
Λ0

V (x) ds(x) ≤ 1

2π
C7L

n0+1∑
k=−n0−1

∫
γk

V (x) ds(x)

≤ C9

n0+1∑
k=−n0−1

Qk.

So,

Qn ≤ C9

n+∑
k=n−

Qk, ∀n ∈ Z. (37)

For each n ∈ Z, there exists n∗ ∈ [n−, n+] ∩ Z such that

Qn∗ = max
k=n−,...,n+

Qk.
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Note that for any m ∈ Z, there are no more than 2n0 + 5 numbers n ∈ Z
such that m ∈ [n−, n+]. Hence

7.61
∑

{Qn>0.046}

√
Qn ≤ 7.61

∑
{
Qn∗>

0.046
C9(2n0+3)

}
√
C9(2n0 + 3)Qn∗

≤ C3

∑
{Qn>c1}

√
Qn , (38)

where C3 := 7.61(2n0 + 5)
√
C9(2n0 + 3) , c1 := 0.046

C9(2n0+3)
.

Let `n := F (Jn). Since Ṽ (y1) = V (F (y1)), we have

Dn = ‖Ṽ ‖(av)
B,Jn = sup

{∣∣∣∣∫
Jn

Ṽ (y1)g(y1) dy1

∣∣∣∣ :

∫
Jn

A(|g(y1)|)dy1 ≤ |Jn|
}

= sup

{∣∣∣∣∫
Jn

V (F (y1))g(y1) dy1

∣∣∣∣ :

∫
Jn

A(|g(y1)|)dy1 ≤ |Jn|
}

≤ sup

{
L

∣∣∣∣∫
`n

V (x)h(x) ds(x)

∣∣∣∣ :

∫
`n

A(|h(x)|)ds(x) ≤ L|`n|
}

≤ L sup

{∣∣∣∣∫
ηn

V (x)h(x) ds(x)

∣∣∣∣ :

∫
ηn

A(|h(x)|)ds(x) ≤ L|ηn|
}

= L‖V ‖(av),L
B,ηn ≤ L2‖V ‖(av)

B,ηn ≤ L2β

n+n1−1∑
k=n−n1+1

‖V ‖(av)
B,Γk = L2β

n+n1−1∑
k=n−n1+1

Rk

(see (12) and (27)).
For each n ∈ Z, there exists n† ∈ [n− n1 + 1, n+ n1 − 1] ∩ Z such that

Rn† = max
k=n−n1+1,...,n+n1−1

Rk.

Note that for any m ∈ Z, there are 2n1 − 1 numbers n ∈ Z such that
m ∈ [n− n1 + 1, n+ n1 − 1]. Hence

C8

∑
{Dn>c :n∈Z}

Dn ≤ C8

∑
{R

n†>
c

L2β (2n1−1)
}

L2β (2n1 − 1)Rn† ≤ C4

∑
Rn>c2

Rn, (39)

where C4 := C8L
2β (2n1 − 1)2 and c2 := c

L2β (2n1−1)
. This together with (36)

and (38) imply (28).
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